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CHAPTER 1

Local polynomial approximation over convex
domains in R"

In this chapter we review the theory of local approximation using multivariate
algebraic polynomials of relatively low-degree over ‘regular’ domains in R™. By
‘regular’ domains we mean domains which have nice geometric properties as we
define precisely in the next section. This local smoothness analysis and approxima-
tion by algebraic polynomials is the critical component that allows us to construct
anisotropic spaces that are a ‘true’ generalization of the classical isotropic function
spaces over R™. This is in contrast to general spaces of homogeneous type that do
not have enough ‘structure’ and thus function spaces defined over them are limited
in various ways. In section 1.2 we review the analysis tools we use to quantity
local function smoothness. In section 1.3 we provide some properties of algebraic
polynomials over convex domains. We then proceed to provide estimates for the
degree of polynomial approximation over domains, where section 1.4 is focused on
approximation in the p-norm, with 1 < p < oo, of the Sobolev class and section 1.5
is mostly dedicated to approximation in the p-norm, with 0 < p < 1.

1.1. Geometric properties of regular bounded domains

DEFINITION 1.1. We denote by B(xg,r) the Euclidean ball in R™ with center
at g € R™ and radius » > 0. The image of the Euclidean unit ball B* := B(0, 1)
via an affine transform will be called an ellipsoid. For a given ellipsoid 6 we let
Ap be an affine transform such that = Ay (B*). Denoting by vy := Ay (0) the
‘center’ of 6 we have

(11) Ay (:E) = Mpx + vg,
where My is a positive definite n X n matrix.

Any positive definite n X n real matrix M can be represented in the form
M = UDU™!, where the matrix U is n X n orthogonal matrix and D is diagonal

and D = diag (01,09,...,0,) with 01 > 09 > -+ > 0, > 0. It is easy to see
that a% > > 0721 are the eigenvalues of MTM and af2 < - < U;Q are the
eigenvalues of (M ~1)TM~1. Hence

(1.2) [Mlley—t, =01 and [|M " |gyp, = 1/

These norms have a clear geometric meaning. Thus if My is as in (1.1), then
diam 6 = 2||Mp||¢,—e, = 201. One can also say that the width of 0 is 20, since
oy, is the length of the smallest axis of §. The ellipsoid is in fact the prototypical
example of bounded convex domains.

DEFINITION 1.2. A set Q C R™ is convex if for any two points x,y € Q the
line segment [z,y] is contained in Q. The convex-hull of a set A C R™ is the
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2 1. LOCAL POLYNOMIAL APPROXIMATION OVER CONVEX DOMAINS IN R™

‘minimal’ convex set containing A, which is given by the intersection of all convex
sets containing A.

PROPOSITION 1.3. John’s Theorem [21] For any bounded convex domain
Q) C R™ exists an ellipsoid 8 C (2 such that if vg is the center of 6, then

0 = vy + Mg(B*) CQCuy+ TL(M(.)(B*))
This implies that the affine transform A, ' (x) := M, ' (z — vp) gives
(1.3) B(0,1) € A7 1(Q) € B(0,n).

It is interesting to note that John’s ellipsoid 6, is the ellipsoid with maximal
volume such that 8 C €. In some sense this means that 6§ ‘covers’ € sufficiently
well. Our approximation theoretical applications of John’s theorem utilize the fact
that bounded convex domains are essentially equivalent to the Euclidean ball B*
up to an affine transformation and scale n.

DEFINITION 1.4. A domain Q2 C R" is star-shaped with respect to a Euclidean
ball B (or a point xg), if for any point = € €2, the convex-hull of {x} U B (or the
line segment [z, z¢]) is contained in .

We call the set
Vi={zeR": z=0V0<|z|<p L(z,v) <r/2},
a finite cone of axis direction v, height p, and aperture angle k, where Z(z,v) is
the angle between x and v. For z € R", the set 2+ V := {24y, y € V} is a translate
of V', which is a finite cone with head vertex at z. A cone V' is congruent to V,
if it can be obtained from V thorough a rigid motion.

We now define notions of ‘minimally smooth’ domains (see pages 81-83 in [1],
page 189 in [28]). Although we will be mostly dealing with bounded convex domains
and, in particular the special case ellipsoids, some of the results we use or prove
hold for more general types of domains.

DEFINITION 1.5. A domain Q C R" is said to satisfy the uniform cone prop-
erty if there exist numbers 6 > 0, L > 0, a finite cover of open sets {Uj}JJ:1 of

01}, and a corresponding collection {VJ}JJ:1 of finite cones, each congruent to some
fixed cone V, such that

(i) diam(U;) < L, 1< j < J.
(ii) For any = € © such that dist(z, 0Q) < ¢, we have = € szl U;.
(i) Fz e QNUj, thenz +V; CQ, 1 <5 < J.
We will say the domain satisfies the overlapping uniform cone property if in
addition the following condition is satisfied
(iv) For every pair of points x1, xo € €2, such that |x1—x2| < § and dist(x;, 9Q) <
0, %= 1,2, there exists an index j such that z; € U;, i = 1,2
THEOREM 1.6. Let Q C R"™ be a convexr domain such that B(0,R1) C Q C

B(0, Rg), for some fixred 0 < Ry < Ra. Then Q satisfies the overlapping uniform
cone property with parameters that depend only on n, R and Rs.

1.2. The Modulus of smoothness

From this point, we assume that domains 2 C R"™ are measurable with a
nonempty interior and that all functions are measurable and real.
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1.2. THE MODULUS OF SMOOTHNESS 3

1.2.1. Definitions And Basic Properties.

DEFINITION 1.7. Let W, (Q2), 1 <p < oo r € N denote the Sobolev spaces,
namely, the spaces of functions g € L,(), which have all their distributional
derivatives of order up to r, in L,(€2). The norm of the Sobolev space is given by

(1.4) lglwy @) = llglmp = > 1%l L,

o <
where for a € Z', |a| := Y"1, a;, while the semi-norm is given by
(1.5) |9|W;(Q) = glrp = Z 10%9ll L, )

|ae|=r

One can show [1] that the norms of the derivatives of order 1 < j < r can be
bounded using the p-norm and the derivatives of order r. Hence

(1.6) lgllwz @) ~ lgllL, @) + l9lwr @)

DEFINITION 1.8. The K-functional of order r of f € L,(Q2), 1 < p < oo,
(see e.g. [17]) is defined by

(L7) Ko (f,8)p := K(f 1, Lp(Q), W, (Q)) := gevi%fm){Hf—gl\pﬂlglnp}, t>0.

For a bounded domain €2, we denote
(1.8) K, (f,Q)p = K(f,diam(Q)"),.

It is important to note that the K-functional is unsuitable as a measure of smooth-
ness if 0 < p < 1 (see [18]). For f € L,(), 0 < p < oo, h € R% and r € N, we
define the rth order difference operator A} f : Q@ — R, by

T_rkT T o
(19) Af(f.2) = g 2w o= § i DT W kR, el €€

0, otherwise,

where [z, y] denotes the line segment connecting any two points z,y € R™.
DEFINITION 1.9. The modulus of smoothness of order r is defined by

(L10) ity =enlh, 0y = oup AL 2 0 20

where for a vector h € R", |h| denotes the l3-norm of h. For a bounded domain
we also denote

(1.11) wr(f, Q)p 1= wr(f, diam(Q)),.

We list some of the properties of the modulus of smoothness that we shall use
throughout the book (see [17]) for more details),

PROPOSITION 1.10. Let @ C R™ and f,g € L,(2), 0 < p < 0o. Then for any
t>0,
(1) wr(fit)p < c(r,p)lfllp- In more general form, for any 0 < k < r,
wr(ft)p < C(r, k, p)wg(f; 1)y, (where wo(f,-)p = [[flp)-
(i) wr(f +g:1)p < c(p)(wr(f, 1)p + wr(g:t)p)-
(iii) For any A > 1, wp(f, At)y < (A4 1)"wr(f,t)p, for 1 < p < o0, and
wr(f, A)D < (A +1)"we(f,1)h, for 0 < p < 1.
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(iv) If Q1 C Qo CR"™, then for any vector h € R", and domain €,
(112) HAZ(fa Qla ')HLP(Q) < HAZ(fa QQ, .)HLP(Q)’

and
wT(fa Qla t);D S wT(fa QQ, t);D'

1.2.2. Relations Between The Modulus Of Smoothness And K-Functional.

We now present the relationship of the difference and the derivative operators using
B-splines. We recall the univariate B-spline of order 1 (degree 0), N1 (u) := 1jg.17(u).
Then, the B-spline of order r (degree r — 1), is defined by N, := N,_1 * N7. The
B-spline of order r is supported on [0, 7], is in C"~! and is a piecewise polynomial
of degree » — 1 over the integer intervals. For hy > 0, we define N,(u,hi) :=
hi'N.(hitu). Let g € C™(), and let h € R”, with |h| = hy > 0, then if the
segment [z, + h] is contained in 2, we have for £ := hy'h, G(u) := g(x + uf),
u € R,

h1
hi'An(g,2) =Ryt G (u)du
0
= / G'(u) N1 (u, hy)du
R

= /R Deg(x + ué)Ni(u, hi)du,

where
9y +uf) —g(y)

Deg(y) := lim "

By induction, we get for r > 1

(1.13)  h{"AlL(g,z) = /R G ()N, (u, hy)du = /R Dig(x + u€) Ny (u, hy)du.

Based on the relation (1.13) we can bound the modulus of smoothness of the Sobolev
class.

THEOREM 1.11. For g € W (), r > 1,1 <p < oo,
(1.14) wr(g,t)p < c(n,r)t"glrp, t>0.

PROOF. Let g € C"(Q). Since Deg = 31, &5%, and [¢] = 1, we have that
[Degllp < [gl1,p- One can see that by induction, Dgg =3, _, caD*g, With [ca| <
c(n,r). This implies that || Dggll, < c(n,7)|glrp. Let h € R™, with 0 < |h] = hy < ¢,
¢ :=hy'h and denote Q,5, ;= {x € Q: [z,x+rh] C Q} Applying (1.9), (1.13)
and then Minkowski’s inequality for 1 < p < oo, yields

A% (g, ')HLP(Q) = || AL (g, ')HLP(Q,L,T)
S trH‘/R Dgg( + ’Ulf)Nr(’U,, hl)duHLp(Qh,r)

< trHDggHLp(Q)

< c(n, )t |glrp-

Taking supremum over all h € R™, |h| < ¢, gives (1.14) for functions in C"(€2). For
1 < p < oo we apply a standard density argument to obtain (1.14) for the Sobolev
class. (]
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PROPOSITION 1.12. [22] Let  C R”™ satisfy the Uniform Cone property (see
Definition 1.5) and let 1 < p < oo and r > 1. Then there exist constants
C1(Q,p,n,r),Ca(n,r) > 0, such that for any any f € L,(Q),

(1.15) CLE(f,t7)p S wr(fit)y < C2K(f,17)p, 0 <t < diam(Q).

ProOF. To see the right hand side of (1.15), let g be any function in W ().
we apply (1.14) to obtain

wr(f, )p Swr(f =g, t)p +wr(g,t)p
<2f = gllp + C(n, )t glrp
< C(n,r)(If = gllp +t"|glrp)-
Therefore, by taking the infimum over all such g € W (Q), we obtain the right
hand side of (1.15). The left hand side is the main result of [22]. We note that

the uniform cone property is a slightly stronger assumption then what is used in
[22]. d

Note that, while Cy in (1.15) depends only on n and r, the constant C; may
further depend on the geometry of Q (e.g. the parameters of the Uniform Cone
properties). One can obtain a more specific left-hand side inequalities for convex
domains. A first result for convex domains is

COROLLARY 1.13. Let Q C R™ be a convex domain such that B(0, R;) C Q C
B(0, R2), for some fixed 0 < Ry < Rs. Then for f € L,(Q), 1 <p < oo, r >1, and
0<t<2R,,

(1.16)  Ci(r,p, Ri, Ro) K, (f, "), 0) < wr(f, )L, @) < Ca(n, 7) Ko (f, 1)L, )

PROOF. The right hand side of (1.16) holds by (1.15) for more general domains.
To prove the left hand side inequality one applies Theorem 1.6. (|

The second result on the relationship between the modulus of smoothness and
the K-functional over convex domains requires using the ‘local’ polynomial approx-
imation results of the next Chapter. We state it here

PROPOSITION 1.14. [10] Let 2 C R™ be a bounded convex domain. Then, for
a’HYfeL;D(Q)a ISPSOO;TZ 15

T

K11 = Clnrp) (1= g ) 120707 41) ) (7,0

where B 0
t
1(Q,t) := min B, t) 0 Q]

124, D)5 t < diam(Q).
M B, 0 <t diam(®)

1.3. Algebraic polynomials over domains

Let I,y := II,_; = II,_1(R™) denote the multivariate polynomials of total
degree r — 1 (order r) in n variables. This is the collection of functions of the
type P(x) = Z|a|<T caz®, where for @ € Z7, |a| := Y | a;, and for z € R",
a® =T g

LEMMA 1.15. Let P € 11,1 and let 21,5 C R™, be bounded convex domains
such that Q1 C Qo and |Qa| < p|Q1] for some p > 1. Then for 0 <p < oo

HPHLP(QQ) = C(”’T’p’p)HPHLp(Ql)'
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PROOF. Let Ax = Mx +b be the affine transform for which (1.3) holds for €.
Since A71(Q4) C B(0,n) we have
A7 Q)]
[AH ()|

< B0, m)lp = C(n, p)

Observe that A=1({)3) is a convex domain that contains A=1(£);) and therefore also
contains B(0,1). Together with (1.17) this implies that the diameter of A=1({s)
must be bounded by a constant that depends on n and p, i.e., A=1(3) C B(0, R),

R := R(n, p). Hence applying the equivalence of finite dimensional (quasi) normed
spaces we obtain

w17) A7) = 471 ()

1Pllz, (0 = [det MIYP|P]| 4 2q,))

< |det MIYP|[P|, 5o )

< Cldet MIY7||P||,, 5oy

< Cldet M|'7||P, \-

= CHPHLP(QI)'

L)

d

LEMMA 1.16. For any bounded convexr domain 2 C R™, P € Il,_1, and 0 <
p,q < 00, we have

(1.18) 1Pllzy) ~ 1417721 Pl @),
with constants of equivalency depending only on n, r, p, and q.

PROOF. Let Ax = Mx + b be the affine transform for which (1.3) holds. Since
A(B(0,1)) = 0, we get from the properties of John’s ellipsoid, | det M| ~ ||, with
constants of equivalency depending only on n. Also, by the equivalence of finite
dimensional (quasi) normed spaces, for any polynomial P € II,_; we have that
HPHLP(B(OJ)) ~ |\]5|\Lq(3(07n)) with constants of equivalency that depend only on
n, 7, p, and ¢. Let P € II,_y, and denote P := P(A-). Then

Pz, = |det MY Pl a1

< | det M|1/qH]5HLq(B(07"))

< Cldet MIY||P|| 5oy

< Cldet MY P, 41

= C|detM|l/qil/pHPHL ©)
< ClV VPl .
[l

PROPOSITION 1.17. [26] Let 2 C R™ be a bounded convex domain. Then, for

n
1 < p < oo, any polynomial P € II,_1, and a € Z7}, |a] := > a; <7 — 1,
i=1

(1.19) 10°P]|, ) < C (n, |a]) width ()| Pl ),
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where width (€2) is the diameter of the largest n-dimensional Euclidean ball that is
contained in €.

THEOREM 1.18. Let Q0 C R™ be a bounded domain and let 1 < p < co. Then,
for any P € II,_q, we have that w,(P,t), = 0, 0 < t < diam(Q2). In the other
direction, if Q is also open and connected and f € L,(Q), such that w.(f,Q), =0
for some r > 1, then there exists a polynomial P € Il,_1 such that f = P a.e. on
Q.

PROOF. The first part is a direct application of the identity (1.13), since it
implies that A}, (P,z) = 0, for any = € , h € R". To prove the second part, we
apply the Whitney decomposition of € into interior disjoint cubes (see e.g. the
appendix in [20]). Namely, there exist a family of closed cubes {Q}, such that:

(i) UpQr = , and the cubes Qy, have disjoint interiors,
(i) vnl(Qr) < dist(Qk, N°) < 4v/nl(Q), where [(Qy) is the side length of

Qk;
(iii) If the boundaries of Q) and @; touch, then
I, UQj) <4,
47 1(Qr)

iv) For any Qg, there are at most 12" cubes @; that touch it.
Y J

We now construct from the Whitney decomposition a cover of ‘substantially’ over-
lapping cubes {Qy }k, simply by extending the lengths of the cubes symmetrically,
such that I(Qr) = 21(Qk), k > 1. By property (ii) of the Whitney decomposition,

we know that each Qj is contained in © and thus U,Qy = Q. Also, for touching
cubes @ and @, the extensions have a ‘substantial’ intersection, i.e.

QN Q5] = min{l(Qr)/2,U(Q;)/2}".

Note that there is a simpler proof for the case 1 < p < oo, since we can apply
the machinery of the K-functional and Sobolev spaces. Indeed, the equivalence
(1.15) on each extended cube Qy, gives

KT(fa Qk)p S er(f, Qk)p S er(f, Q);D =0.
Thus, ~there exists a sequence {g;};, g; € Wg(@k), such that ||f — g;ll; g,) +
diam(Qx)" |95+ (5,) — 0, as j — oo. Using (1.6), we obtain that {g;}; is Cauchy
sequence in W;(Qk) and so it converges to g € Wg(@k), with ¢ = f a.e and
|9lrp = 0 on Qk. We now apply on each cube Qk the Bramble-Hilbert Lemma
below (1.36) to conclude that f = g = Py a.e., for some Py € II,_1, on Qg, Vk.
Since (2 is a connected domain, using the ‘substantial’ intersections of the extended

cubes of touching cubes yields that there exists a unique P € II,._;, such that
P = Py, Vk, which concludes the proof for 1 < p < oo. (I

1.4. The Bramble-Hilbert Lemma for convex domains

Given a bounded regular domain 2 C R", our goal is to estimate the degree
of approximation of a function f € L,(€2), 0 < p < oo, by algebraic polynomials of
total degree r — 1,

Er1(f,Q)p = P€i§£1 Hf - PHLp(sz)'
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For a star-shaped domain €2 (see Definition 1.4), we denote pqq := max {p |
Q is star-shaped with respect to a ball B C ) of radius p}. The chunkiness
parameter of ) [3] is defined by
(1.20) y o diam(@)

Pmazx
Note that the chunkiness parameter v becomes larger in cases where the domain is
longer and thinner. This leads to the following formulation of the Bramble-Hilbert
lemma,

THEOREM 1.19. Bramble-Hilbert Lemma for star-shaped domains Let
Q be a bounded star-shaped with respect to some ball B, with chunkiness parameter
v, and let g € Wi (Q), 1 <p < oo, r > 1. Then there exists a polynomial P € 11,
for which

(1.21) |9 — Pl < C(n,r)(1+7)" diam(Q)"*|g|,p, k=0,1....r—1.

Before we proceed with the proof of Theorem 1.19, we require some preparation.
Let g € C"(€2) and recall that the classical Taylor polynomial of order r (degree
r—1), at x € Q, about a point y € B, is given by

r D%g(y) o
o] <r
where a! :=[[;_, a;!. The Taylor remainder of order r is then given by
— o 1
(1.23) TRyg(x) =7 Z u/ s 'D%g(z + s(y — x))ds,
o 0

which is meaningful since the segment [z, y] is contained in Q. We then have,
g(x) =T, g(z) + TRyg(x), =€

Our construction of an approximating polynomial relies on averaging the Taylor
polynomials over the ball B. It can be shown that there exists a cut-off function
¢ € C*, for B(0, 1), with the properties:
(i) fR" o(x)dx =1,
(ii) supp(¢) = B(0, 1),
(ili) [|¢lloc < 1.
For any ball B(zo, p), the cut-off function ¢p := p~"¢(p~1(- — zp)), satisfies:
(i) fR" op(x)dx =1,
(11) Supp((bB) = B('IOa p)a
(i) 65l <o
The Averaged Taylor polynomial of g € C"(2), over B C , of order r (degree
r —1), is given by

(1:24) Thala) = [ Too@ondy. x e
We also denote the Averaged Taylor remainder by

B9(7) == g(z) — Tpg(z).
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LEMMA 1.20. For x € Q, where Q) is star-shaped with respect to B(xq, p) C £,
and g € CT(2),

(1.25) Bo(x) =71 » )Ka(x,z)Dag(z)dz,

|ae|=r
where V (z) is the convex closure of {x}U B, and Ko = & (z — 2)° K (, 2), with

diam(Q2)
P

(1.26) K@) <CO+ )" [o—2 " 7=
PROOF. We fix o € 2, and observe that by properties (i),(ii) of ¢p,
B9(@) = g(z) — Tpg(x)
= [ 6@~ To@)onmay
= | @rg@)estay
=r Y [ ) |10t + sty s

We now make the change of variables (y,s) to (z,s) with z =  + s(y — x), and
define the integration domain

A={(z,8): s€0,1], |s'(z—2)+x—z0 <p}

to obtain

pae) =1 Y o [ (=2 onls (o — ) + 00D g(a)s " dads

|ae|=r

=r Z Do‘g(z)i(x —z)¢ / 1a(z,8)pp(s 2z —x) + x)s " tdsdz
0

jal=r 7V @) .
=r Z D®g(2)Ky(x, 2)dz,
laf=r V(@)

where

Ko (z,2) = é(x—z)o‘K(x, 2), K(z,z):= / 1a(z,8)pp(s H(z — x) + x)s " tds.
0

We now prove the estimate (1.26). Observe that

(z,s)eAéw<s.
|z — xo| +p
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10 1. LOCAL POLYNOMIAL APPROXIMATION OVER CONVEX DOMAINS IN R™

So with t := |z — z|/(Jx — xo| + p) and property (iii) of ¢, we get

|K(z,2)| = /1,4(2,5)(;53(5*1(3_33)+$)an—1ds
0

1

< loale 57 1ds
t
<C(n)p~"t™"
=Cn)p™" |z = 2[7"(Jx — mo| + p)"
1 n
=C(n) (1 + ;|3: — 3:0|> |x — 27"
<Cn) (147" |z — 27"

O

We now provide the following commutativity of Taylor polynomials and differenti-
ation

LEMMA 1.21. Let A(x) = Mx + b, be a nonsingular affine map, and let g €
C"(Q). Then, for any x € Q, and a € Z7, 1 < |a| < 7, we have

(1.27) Dy [Ty (9(A))(A™ )] = T, 1*U(Dg(A)) (A ),
which implies for a star-shaped domain (with respect to B)
(1.28) Dy [Th(g(A)) (A 2)] = T " (Dg) (A ) (A w).

PROOF OF THEOREM 1.19. We first assume that g € C"(£2) and diam(Q2) = 1.
We require the following Riesz potential inequality: for a given h(z) = [, |z — 2"~ "|f(z)|dz,
where f € L,(2), 1 <p < o0,

(1.29) Az, < C(n,r)diam(Q)"|| f[| L, («)-
For k = 0, we use (1.25), (1.26) and (1.29) with diam(€2) = 1, to proceed with
lg —Tg9llL, ) = IRBIlL, @)

Srz

lo|=r

<Clr)r+1" Y

lal=r
< C(n,r)(v +1)"glwr@)-
For 0 < k < r,let a € Z7, with |a| = k and let h := D*g. Applying (1.28) with
A(x) = x, and the case k = 0, for h, gives
I1D*(g — T, = IIh — Tg *hllL, @
< C(n, T)(”Y + 1)n|h|wg*’“(n)
< C(n,r)(v+1)"|glwr)-

Summing up over all o € Z7}, with |a| = k, we conclude

A [Ka(, 2)[[D%(2)|dz

L,(22)

/Q l — 2| Dg(2)|dz

L,(22)

19 = Tgylwr ) < C(n,r)(v +1)"|glwy @), k=0,..,r—1
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This finishes the proof for the case g € C"(2) and diam(§2) = 1. For an arbitrary
bounded domain € that is star-shaped with respect to B, let = A7L(Q), where
A is an affine transform defined through its inverse A=!(z) := 2diam(Q) " (z — ),
where = €  is the mid-point of the longest segment contained in Q with length
diam(Q). This gives that diam(Q) = 1 with Q star-shaped with respect to A~ (B),
having the same chunkiness parameter v as Q. For § := g(A-), by the previous part
in the proof

|§ — T£*1(3)§|W§(Q) S C(TL,T)(")/-F 1)n|§|W;(Q)’ k = 0, ey T — 1.

Thus, with P := T 1(B)g(A*L) € II,_1, we obtain for 1 < p < co (the proof for
p = oo is exactly the same with no need for the change of variables)

2 1/20
“‘Eﬁ) S T,

diam

Hg_PHLp(Q) = (

2 1/p
< S — Gl
<C(n,r) (diam(Q)) (v+1) |9|W;(Q)

2 1/p
<C(n,r) (m) (v+ D" diam(2)" Y [[Dg(A)],, ()

lo|=r

= C(n,r)(y+1)"diam(Q)" > Dz,

lal=r
— O, 1)y + 1) diam(Q)lglw; -
For 0 < k < r, let a € Z7, with |a| = k and let h := D%g, h := h(A-). Applying
(1.28) with the affine transform A defined above, and the case k = 0, for h, gives
1D%(g = P)ll,0) = Il = D*[Th-1)d(A )]l
= ||h = Th=¥ AT ) L)
< Clnyr)(y + 1) diam(Q)" Al
< Cn, )y + 1) diam(@) gl o).
Summing up over all a € Z}, with |a| = k, we conclude
9 = Plwxe) < Cn,r)(y +1)" diam(Q)" *|glwr),  k=0,..,r—1.

This concludes the proof for g € C"(Q2). Since C*°(Q2) is dense in W (),
1 < p < oo, we may apply a standard density argument to obtain (1.21) for
g € W;(Q). That is, there exists sequences {gr}, gx € C"(Q), {Px}, Pr € Il 1,
k =1, for which (1.21) is satisfied and also |lg — gk[lwy@) — 0. We may then
extract a converging subsequence from {Py} to P € II,_; (e.g in the Lo norm),
such that (1.21) is satisfied for g with P. O

The Bramble-Hilbert lemma for star-shaped domains implies that for €2, a
star-shaped domain with respect to some ball B, with chunkiness parameter v and
feL,(),1<p< oo we have

(1.30) Ke(f,Q)p < Era(f, ) < Cn,r) (v + 1)K (f, Q)
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By (1.15) if we further assume that the domain satisfies the uniform cone condition,
then the equivalence

(1.31) Er1(f,Q)p ~ K (f,Q)p ~ wr(f,Q)p,

holds for 1 < p < oo with constants that also depend on the shape of the domain
Q. An application of Theorem 1.19 is

THEOREM 1.22. Let 2 C R™ be a bounded domain and let A be a nonsingular
affine map such that B(0,1) C A=*(Q) C B(0,n) and A~Y(Q) is star-shaped with
respect to B(0,1). Then, for g € W;(Q), r > 1, 1 < p < oo, there ezists a
polynomial P € 11,._1, such that

(1.32) 9 = Plwr) < C(n,r) diam(Q)"*[glwr @), k=0,1,...,7.

For the case of g € C"(Q), P(x) = Tg(oyl)(g(A))(A*lx), satisfies (1.32).
PROOF. Note that we can bound the chunkiness parameter (1.20) as follows

(1.33) 2(Q) = 4(A71(Q) < 2n.

Since A(z) = Mz + b, maps B(0,1) into £, we get that ||M|2 < diam(Q2). This
giVGS that maxi<; j<n |CL1'7J'| S diamQ, where M = (aiyj)lgingn. With g = g(A) y
and Q:= A"1(Q), we get for y € Q, and a € 2%, |a| =k, k=1,...,7,

|DG(y)| < diam(Q)* Y [(D%g)(Ay)|.
|Bl=k
In particular
(1.34) S 1%, gy < elnr) diam(2)” 3 1(D°9)(A)], g
la|=r |al=r

We can now prove (1.32) for k=0. Let P := Tg.1)d € L1 and P = P(A71).

Then, since the chunkiness parameter of Q satisfies (1.33), we obtain using (1.21)
and (1.34) for 1 < p < oo (the proof for p = oo is exactly the same with no need
for the change of variables)

lg = Pz, = |det M|V?(|l§ — Pl g
< c¢(n,r)|det M|1/p|§|wr(ﬂ)
< e(n,r)| det M['/? diam(Q)" > [Dg(A) 1, ()
|| =r

= ¢(n, r) diam(Q Z 1D%gllL, ()
|| =r
= c(n, r) diam(22)"[g|wr ()
For 0 < k < r, we proceed as in the proof of Theorem 1.21. Let o € Z”, with
la| = k and let h := D%g, h:= h(A-). Applying (1.28) with the affine transform A
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defined above, and the case k = 0, for h, gives
1D*(g = P)|lz,) = |h = D*[Tg1y3(A™ )z,
=|lh - T£20]€71)B(A71')|‘Lp((l)
< C(n,r)diam(Q)" " |l 0
< C(n,r) diam(Q)"*|glwr ()-
Summing up over all a € Z, with |a| = k, we conclude
9 = Plws@) < C(n,r)diam(Q)"*|glwr),  k=0,..r—L

This concludes the proof for g € C"(Q2). Since C*°(Q2) is dense in W (),
1 < p < oo, we may apply a standard density argument to obtain (1.32) for
g€ Wy (%).
O
An immediate application of John’s Theorem 1.3 and Theorem 1.22 gives

COROLLARY 1.23. Bramble-Hilbert Lemma for convex domains Let €2 C
R™ be a bounded convex domain, and let g € Wg(Q), re N 1 <p<oo. Then
there exists a polynomial P € II,._; for which

(1.35) |9 — Plip < C(n,r)diam(Q)"*|gl,p, k=0,1...,r—1.

For the case of g € C"(Q), P(x) = Tg(oyl)(g(A))(A*lx), satisfies (1.35), where
TLh is the averaged Taylor polynomial of h, with respect to a ball B, given by
(1.24). In particular, for the case k = 0, we obtain

(1.36) Er1(9,)p < C(n,r) diam()"[gl.p.
We also get the following for the general case of functions in L, (),

COROLLARY 1.24. Let Q C R™ be a bounded convex domain, and let f € L,(£2),
1 < p < 0. Then, for any r > 1,

(1.37) Eroa(f,Q)p ~ Ko (£,
where the constants of equivalency depend only on n and r and not on f or 2.
Proor. Let g; € W;(2), i > 1, be a sequence such that
K (f, diam()"),, = mf{|[f — gill, + diam(€2)" |gilr.p }-
By (1.35) there exist polynomials P; € II,._1, ¢ > 1, such that
lgi = Pillp < C(n,7) diam(€)"[gil. -
Therefore
E,_1(£.9), <inf|[f - i,
<it{|1f - gilly + g ~ Pll,}
< mf{[lf = gillp + C(n, r) diam(Q)"|gil -}
< C(n, r) K (f, diam(2)"),
=C(n,r) K (f, Q)p.
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To prove K, (f,Q), < Er—1(f,Q)p, let P be an arbitrary polynomial in II,_;.
Then, it is easy to see using (1.7)
K (f, diam(€)"), < [|f = Pllp + diam(Q)"[P,p = [|f = Pllp.
Since P was chosen arbitrarily, we get that

K.(f, Q)p = K,(f, diam(Q)T)p < Peillllf,l If— PH;D =E._1(f, Q)p-

1.5. The Whitney Theorem for convex domains

In the previous section, when the polynomial approximation was taking place
in the L, space, with 1 < p < oo, we were able to apply the tools of Sobolev spaces
and the K-functional. However, for the case of 0 < p < 1, one needs to directly
estimate ‘local’ low order polynomial approximation over convex domains using the
modulus of smoothness explicitly. The critical emphasis is on estimates where the
leading constant does no depend on the geometry of the domain. The main result
of this section is

THEOREM 1.25. Let Q C R™ be a bounded conver domain, and let f € Ly(€2),
0 <p<oo. Then for any r > 1

(1.38) Er1(f,Q)p < Cn, 7, p)wr(f, Q)p,
where wy(f, Q)p is defined in (1.11).

By the first part of Theorem 1.18 we have that w,(P, ), = 0, for any polyno-
mial P € I1,._;. Thus,
wr(f, Q)p < wr(f = P,Q)p < C|f = Pllp,
which gives
wr(f, Q)p < CEr—1(f, Q)p.
Combining this with (1.37) and (1.38) yields

COROLLARY 1.26. For all bounded convex domains 2 C R™, and functions
feL,(),if 1 <p < oo, then we have the equivalence

(1.39) Er 1 (f, Q)p ~ K (f, Q)p ~ wr(f, Q)p,
and for 0 < p < 1, the equivalence
(1.40) Er 1 (f, Q)p ~ wr(f, Q)p.

where the constants of equivalency depend only on n,r and p.

We prove Theorem 1.25 separately for 1 < p < oo, and then for 0 < p < 1.
As we shall see, in the former case, we can use the equivalence of the modulus of
smoothness and the K-functional and then apply the machinery of K-functionals.
In the latter case we have to work significantly harder as the classical K-functional
in L,, 0 < p <1, is trivial.
Proof of Theorem 1.25 for the case 1 <p < oo Let A(x) = Mz + b be the
affine transform for which (1.3) holds. Corollary 1.24 implies that for Q := A=1(€)
and f:=f (A-) there exists a polynomial P € II,_; such that

17 = Plly, @ = CounE(F Q.
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Since B(0,1) € Q C B(0,n), € fulfills the conditions of Corollary 1.13 with R, =
1, Ry = n, we may apply (1.16) with ¢t = diam(2), to obtain

17 = Pl @ < Cour)K(F, Q)
< C(n,r, p)wn(f, Q-
Denoting P := P(A~'.), yields
1 =Pl ) = [det MIYP[|F =P, o
< C|det M|"?w,(f,9),
= Cuw(f,9Q)p-

This proves Theorem 1.25 for the case 1 < p < co. We now turn to the proof of
the Whitney theorem for the case 0 < p < 1 [14]. We first prove the case r = 1

LEMMA 1.27. Let Q C R" be a bounded domain and f € L,(2), 0 < p < 0.
Then there exists a constant ¢ such that

(1.41) / |f(z) — c|Pde < — |[AR(f, Q, x)|Pdxdh,
|Q| |h|<diam(2)

where || denotes the volume of the domain Q.

PRrROOF. By astandard density argument, one may assume that f is continuous.
Consider the function ¢(y) := [, [f(z) — f(y)|Pdz, y € Q. Clearly, there exists
yo € £ such that

1
¢(yo) < ¢(y) dy
121 Jo
Therefore with ¢ := f(yo) we get
A [f(@) = c|” dz = é(yo)
1
¢(y) dy
IQI o
[f(@) = f(y)I? dx dy.
|Q| QJo
By definition, for any domain 2 and every z € Q, if z+h & Q, then A, (f,Q,x) = 0.
Therefore, the substitution h =y — x yields (1.41). O

COROLLARY 1.28. Let © C R™ be a bounded convex domain and f € L,(),
0 < p < 0o. Then there exists a constant ¢ such that

(1.42) 1F = el ) < 2n)"Pwi(f, Q).

PROOF. Let Q := A"1(Q), where A is the affine transform for which (1.3)
holds. Denote f := f(A-). By Lemma 1.27 there exists a constant ¢ such that

yf(x)—cypd:c<_/ / w(f, 2, 2)|P da dh.
a || Jinj<an JO
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16 1. LOCAL POLYNOMIAL APPROXIMATION OVER CONVEX DOMAINS IN R™

Hence
z [BO,2n)| =&

= (2n)" w1 (f, QL.

As we have seen in the proof of Theorem 1.25 for the case 1 < p < co, the Whitney
inequality is invariant under affine maps and therefore the above inequality implies
(1.42). O
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