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A B S T R A C T

We model the inverse physical problem of identifying an underwater obstacle
by using the acoustic wave equation. Measurements are collected in a set of
sensors placed in the medium and we use this partial information to approxi-
mate a segmentation of the obstacle in its correct location. This is an ill-posed
problem and so we propose a novel deep learning architecture that takes as
input the sensor data and computes an approximate segmentation map of the
obstacle.

c© 2019 Elsevier Inc. All rights reserved.

1. Introduction

1.1. Physical model

We wish to locate obstacles in an underwater medium using acoustic wave propagation (sonar). Given measure-
ments, we formulate the problem as an inverse problem [12]. Inverse problems are important mathematical problems
since their solution is frequently information one cannot directly observe. They appear in a variety of fields includ-
ing acoustics, geophysics, material testing (including non-destructive testing), radar and signal processing, computer
imaging and vision, tomography, meteorology and oceanography, remote sensing and machine learning.

Solving inverse problems is a vast field and there are many examples e.g. [15, 26, 27]. A difficulty with inverse
problems is that they are frequently ill-posed and so the solution need not exist or be unique. Additionally, if the
parameters of the problem are perturbed, the solution might not depend continuously on the parameters. Since we
have only very partial spatial information the ill-posedness is more likely to prevent much knowledge of the complete
solution. Given properties of the medium and a set of measurements of the wave field at some points in space and
time and assuming we know the location of the original source/s that generated the wave field we wish to find the
location of a scatterer in the medium. The scatterer properties (shape, size, density etc.) are also of interest. Because
of the ill-posedness of the inverse problem, one cannot retrieve the full wave equation solution when one has access
to only partial data at only a small subset of it (sensors) and so we wish to find only some properties of the scatterer.

∗Corresponding author: Tel.: +972-546-895-475;
e-mail: adarkahana@mail.tau.ac.il (Adar Kahana)

http://www.sciencedirect.com
http://www.elsevier.com/locate/jcp


2 Adar Kahana etal / Journal of Computational Physics (2019)

1.2. Innovation

Solving inverse problems, including the problem of scatterer location and identification, is a vast field and has
been studied by many authors. e.g. [15, 26, 27]). Some direct methods for approximating the location and shape
of the obstacle involve some prior knowledge; for example, assuming that the obstacle is a rectangle one can model
it with 4 degrees of freedom. After modeling the obstacle using a set of parameters one can use an optimizer to
reconstruct the parameters, trying to minimize a predefined cost function. This process is usually computationally
intensive and requires intelligent construction of the cost function. Some recent developments in this field involve
improving the obstacle parametrization, cost function or optimizer (e.g. [14, 16, 19]. Other methods include arrival
time and adjoint techniques are discussed in the next section.

Recently there is a growing interest in applying machine learning to various inverse problems when real training
data exists or synthetic training data can be generated [22, 21]. General machine and deep learning algorithms that
handle input data and fit a certain classifier are commonly used. The general algorithms are tuned, by adjusting the
algorithm parameters, for the specific task until a desired level of accuracy is achieved.

We propose a new method based on machine learning which does not require parametrization of the obstacle
and can handle obstacles of arbitrary shapes. The training phase of our segmentation is computationally intensive,
however inference using the trained model is quick and can be deployed to real time solutions. Moreover, the model
is physically informed [22] making use of the wave problem context. The innovative architecture shows promising
results and we present a new application combining a state of the art learning algorithm with the classical methods of
applied mathematics.

2. Numerical development

2.1. Mathematical formulation

The wave problem is given by -

ü(−→x , t) = ∇ · (c(−→x )2∇u(−→x , t)) −→x ∈ Ω, t ∈ (0,T ]
u(−→x , 0) = u0(−→x ) −→x ∈ Ω

u̇(−→x , 0) = v0(−→x ) −→x ∈ Ω

u(−→x , t) = f (−→x , t) −→x ∈ ∂Ω1, t ∈ [0,T ]
∇u(−→x , t) = g(−→x , t) −→x ∈ ∂Ω2, t ∈ [0,T ] ∂Ω1 ∪ ∂Ω2 = ∂Ω

(1)

where u(−→x , t) is the wave amplitude or acoustic pressure. For given initial conditions (u0, v0) and boundary conditions
( f , g, of types Dirichlet and Neumann respectively) the wave problem (1) is well-posed. Therefore, small changes in
the conditions cause small changes in the solution and there exists a unique continuous solution to the problem inside
the domain.

We are interested in identifying an obstacle - Ωs - which is a perfect acoustic reflector. The obstacle is a small sub-
region Ωs such that Ωs ⊂ Ω and the boundary condition on Ωs is homogeneous and of type Dirichlet An alternative is
setting the wave velocity c(−→x )2 to zero inside Ωs. The shape, size, location and other properties of Ωs are unknown.

To find the obstacle we measure the solution of the wave equation at various times. It is physically impossible to
record the signal at every spatial point of the domain. Instead, in a physical experiment we can record the acoustic
pressure in only a small number of sensors spread around the domain. The output is a set of measurements u(−→xn, tk)
where {−→xn}

Nsensors
n=1 is a sequence of sensor locations such that Nsensors is the number of sensors placed in the medium

and {tk}
Nsteps

k=0 is a time series consisting of Nsteps time steps. We synthetically simulate the physical experiment of wave
propagation to get measurements in artificial sensors in the medium Ω. Without knowing the entire solution u(−→x , t),
but only the recordings u(−→xn, tk), we want to recover Ωs.

There are several methods of identifying Ωs in the literature. For example, assuming prior knowledge about the
shape and size one can parameterize Ωs and then try to ”guess” Ωs, run the simulation and define a scoring function
to determine if the guess was correct. If not, then one uses a new guess with different parameters until one minimizes
the misfit between the solution and the measurements. Alternatively, the TRAC algorithm [5] assumes no knowledge
of the shape of the obstacle however, the final solution gives only the position but not the shape of the obstacle.
This optimization process frequently requires a lot of computational time. There are several methods that improve
this process e.g. [20]. The arrival time algorithm e.g. [2, 3, 18, 23, 25], does not require a priori knowledge of the
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shape but again yields only the location but not the shape of the obstacle. We note, that learning methods have been
proposed to improve the time arrival scheme [28, 29]. Another technique is the adjoint method e.g. [6, 1, 24] where
the shear modulus distribution is reconstructed from given strain data. In general, the adjoint method identifies the
properties of the medium, and not a specific object. All objects are represented as large local changes in the medium
properties. When one examines the result, the obstacle stands out as a region in the medium with very different
properties (e.g., wave velocity) than the background. This includes the location, shape and size of the region where
the properties are very different. Since these methods do not find the shape directly they do not give a good resolution
for it. Arrival Time imaging is notorious as being very crude, and even the adjoint method tends to give a blurred
picture of obstacles. We propose a learning method that requires no prior knowledge about the shape or location
of the obstacle but gives both the obstacle location and a sharper obstacle identification than the other approaches.
Additionally, once the deep learning model is trained, using it to predict an obstacle given input sensor measurements,
takes only a few milliseconds.

The setup consists of generating multiple scenarios differing by the shape, size and location of Ωs. For a given
Ωs we solve the wave equation and save the solution only in the sensors u(−→xn, tk). We randomly generate multiple
scatterers differing in the shape, size and location of the scatterer and mark them as Ωsq such that for the generation of
Nsamples scenarios we have 1 ≤ q ≤ Nsamples. After simulating all the forward processes we have a set of measurements
{uq(−→xn, tk)}Nsamples

q=1 which serves as the data-set. This setup can be done either experimentally or synthetically - in this
paper we used synthetic measurements, as explained in the following section.

2.2. Numerical scheme
We assume that the large domain, including the obstacle, is rectangular and model the domain using a uniform

two dimensional grid sized M × M (one can easily generalize to any domain). We specify a boundary condition
on the external boundaries and solve inside the domain. Each sensor is a node {(xk, yk)}Nsensors

k=1 where the number of
sensors is much smaller than the number of nodes in the domain. We model the obstacle as a shape inside the domain
such that u(−→x , t) at every node inside the obstacle has the value zero throughout the entire computation procedure.
This results in a stair-casing process which adds numerical errors. However, for finding the location and shape of
the obstacle these stair-casing errors are negligible. The numerically approximated scatterer will be marked by Oq,
1 ≤ q ≤ Nsamples. Each of the scatterer representations is a binary segmentation - zeros inside the obstacle and ones
outside - yielding a homogeneous Dirichlet boundary condition for the numerical representation of the scatterer.

We approximate the solution of the wave equation in space and time using the explicit compact second order
accurate central difference finite difference scheme in both space and time. The time step is limited by the Courant-
Friedrichs-Lewy condition:

∆t ≤
1

cmax

√
2
(

1
∆x2 + 1

∆y2

) , (2)

where ∆x and ∆y are the distances between two adjacent grid points in the directions x and y respectively.
We solve the equation for Nsteps and save the sensor recordings. After simulating the forward process we get a

matrix of size Nsteps×Nsensors containing the synthetically generated acoustic pressure measurements received in each
sensor in each time step. To create the training and testing data-sets we run this simulation multiple times, where
the difference between each and every simulation is the shape, location and size of the scatterer Oq. Each simulation
produces a matrix containing the synthetic sensor data for the specific randomly generated scatterer. After saving the
outputs of all forward synthetic simulations we get a tensor of size Nsamples × Nsteps × Nsensors. The labels which we
try to predict are the obstacle segmentations, each represented by a M × M sized binary image. We remark that in
most tests the number of samples was 25,000 and M = 128 which implies that the total storage size of the dataset is
500MB. An example of the source and sensors placement and an arbitrary scatterer is given in Figure 1.

After training our segmentation model, we apply it to a test set of sensor measurements. Each such inference
produces a predicted binary segmentation map of the obstacle, denoted as Ōq. The binary image is the equivalent
numerical interpretation of Ω, so the scheme recovers the medium in which the PDE is solved. We split the data-set
into two subsets - a training set with Ntrain samples and a testing set with Ntest samples (Ntrain + Ntest = Nsamples). To
assess the performance of the model we use the test subset and compare each prediction Ōq to a known Oq where
1 ≤ q ≤ Ntest. To compare Ōq and Oq we have several measures of the error:

• Mean Square Error: 1
M2·Ntest

∑Ntest
q=1 ||Oq − Ōq||

2, where: ||Oq − Ōq|| =

√∑M
i=1

∑M
j=1 |(Oq)i j − (Ōq)i j|

2.
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Fig. 1: Example of a 2D medium with 8 sensors (green), a source location (pink) and a binary segment of an obstacle (yellow)

• Intersection over Union (IOU): A popular measure for segmentation: 1
Ntest

∑Ntest
q=1

|Oq∩Ōq |

|Oq∪Ōq |
, where |Oq ∩ Ōq|

implies the number of pixels with value 1 in both Oq and Ōq and |Oq ∪ Ōq| implies the number of pixels with
value 1 in either Oq or Ōq.

2.3. Deep-learning framework
We build a neural network such that the input is the sensor data recorded in each simulation with a different

scatterer. The neural network is composed of either convolutional or fully connected (dense) layers whose coefficients
(weights) are initially unknown. Each layer also applies a component-wise non-linear activation before it passes
forward its output. We define a target function (specifics are given in the subsections) and iterate using a gradient
descent algorithm to minimize a target function with respect to all the weights. We design the network architecture
(number and sizes of convolution and dense layers) to get the best convergence of the gradient descent algorithm,
resulting in a better intersection over union score on a predefined testing data-set.

The fully connected layers try to learn all the connections between the input of the layer and the its output using
multiplication by unknown weights. This process is done by matrix multiplication - for an input matrix A of size
Ntrain×N f eatures and an unknown matrix W of size N f eatures×Nlayersize the layer output is L(A) = W ·A + bT where b is
a bias vector of unknown weights as well. The unknown elements are then approximated during the training process
using the gradient descent algorithm, with respect to a target function.

The convolution layers try to learn local patterns in the data. They consist of a set of filters of unknown weights
wi. Convolving the input of the layer with each of the filters produces the output of the layer: L(A)i = wi ∗ A. The
filters weights are then approximated during the training process using the gradient descent algorithm as for the fully
connected layer weights. The difference between the fully connected and the convolutional layers is finding global
connections versus local patterns.

We also use pooling layers, which are typically used in deep learning, to reduce the dimension of a layer’s output.
For example, a 2 × 2 max-pooling layer applied on a matrix takes only the maximal value from each cluster of 4
elements. These layers do not include weights and are irreversible.

Each layer is followed by an nonlinear activation - the output is manipulated in a way that will suit the data.
We use a rectifier (x → max(0, x)) and sigmoid (x → 1

1+e−x ). The sigmoid function serves as a good differentiable
approximation to the Heaviside step function. Each pixel in the output of the network is a probability so after using
the sigmoid activation these probabilities are centered around 0 and 1, suitable to the binary output we want.

After designing the network (number of layers, type and size of each layer etc.) we use a gradient descent
algorithm to determine all the weights. We define a loss (target) function which the gradient descent tries to minimize
with respect to all the weights. If the network was designed correctly and the problem geometry was learned, the
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Fig. 2: Naive network architecture

gradient descent algorithm will converge. Therefore, after a certain number of iterations (called epochs) we expect a
set of discovered weights that given new data (measurements that were not used for training) as input, will produce
an output that predicts the segmentation with high accuracy that can be checked using the metrics defined in 2.2.

Although we are interested in minimizing the IOU loss during the training phase, the optimization method requires
a differentiable loss function to compare the true labels of the sample Oq and the predicted ones Õq. Therefore,
one good surrogate loss function is the Negative Log-Likelihood (NLL). After each optimizer iteration we calculate
NLL = − 1

Ntrain·M·M
∑Ntrain

q=1
∑M

i=1
∑M

j=1(Oq)i, j log((Õq)i, j) and train the network to minimize this target function.
Another good surrogate loss function that approximates the IOU loss is the soft-IOU loss. The proposed method

is to approximate the intersection over union using:

1
Ntrain

Ntrain∑
q=1

< Oq, Õq >

|Oq|1 + |Õq|1− < Oq, Õq >
,

where < Oq, Õq >:=
∑M

i=1
∑M

j=1

(
(Oq)i, j · (Õq)i, j

)
and |Oq|1 :=

∑M
i=1

∑M
j=1(Oq)i, j. We use the NLL loss for the first

gradient descent iterations (epochs) and after we get saturation (i.e. the NLL loss difference between epochs is very
small) we switch to using the soft-IOU loss for another few epochs (∼15). We still calculate the NLL loss during
these epochs and observe a much lower NLL loss.

The output of the network is a matrix of probabilities with size M × M denoted by Õ. Each coordinate of Õ is
the probability of that coordinate to be inside Ωs. Hence, Õ is the probability of pixels to be inside the scatterer. We
convert Õ into a binary image using a threshold to get Ō and check the accuracy using the methods discussed in (2.2).

2.3.1. Naive deep learning architecture
The initial approach we consider is a neural network with a very simple architecture - two fully connected layers

followed by two convolution layers. The goal is to convert the multivariate time series data (network input) to a
two dimensional spatial data (network output) and a transition from fully connected to convolution layers is suitable
here. The input is a column-stacked recordings in the sensors (that we synthetically produce during the solution of
the wave problem) and the output is a probabilistic segmentation map of the obstacles. In this case the input data is
column-stacked values recorded in the sensors for each sample, yielding a Ntrain × Nsteps · Nsensors sized matrix.

We train the network to minimize the NLL and soft-IOU loss functions using the ADAM optimizer [17]. Results
are given in section 3 and a sketch of the network architecture is given in Figure 2.

2.3.2. A space-time flow deep learning architecture
The motivation for this architecture comes from the physical nature of the problem we are solving. The input data

for the network is a time series of recordings, a tensor of size Ntrain × Nsteps × Nsensors. The input data is a time series
while the output is a segmentation map of the medium, i.e. data in space. We want the network to manipulate the data
in a fashion that accounts for a transition from time to space. We propose a different architecture, more complex then
the naive one, to take these elements in account. The architecture is demonstrated in figure 3. We train this network
with the NLL and soft-IOU loss functions using the ADAM optimizer as well.
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Fig. 3: Architecture of the space-time flow network

The first set of layers are 1-dimensional convolutions and pooling - transferring information from the channel
(recordings in each sensor) to a new dimension which will be the spatial dimension. Results for this architecture are
given in section 3 and a sketch of the network architecture is given in Figure 3.

2.4. Physically informed novel architecture
Although the results using advanced deep learning methods are very good, we propose to enhance them with an

additional module that makes the network ”aware” of the physical problem it is trying to approximate. We want to
exploit the physical aspects of the equation and integrate them into the network. There are several methods of building
neural networks that take classical methods from the applied math literature, enforce them on the learning mechanism
[22] and achieve remarkable results. We propose a method specifically tailored to the time evolution of the wave
problem.

We design an additional loss function component for the network using the properties of the physical wave prob-
lem that are used during the training phase. The input of the network are all the true recordings in the sensors. So,
in the training part we have {uq(−→xn, tk)}Nsamples

q=1 , which are the true recordings in the sensors used for training. For each
sample we predict Ōq. We then solve the wave problem using the same numerical scheme and get a set of sensor
measurements {ūq(−→xn, tk)}Nsamples

q=1 which are the predicted sensor measurements for each obstacle. We use the mean
square error to compare the predicted and true recordings in the sensors. We define the loss function for the network
as the weighted sum losstotal = α · lossNLL + (1 − α) · lossPhy where lossNLL is the NLL loss while lossPhy is the mean
square error between the true and predicted sensor recordings. The parameter α is chosen by trial and error. Using
α = 1 is using exactly the architecture described in the previous subsections and using α = 0 means approximating
based only on the wave equation.

Implementing this method we face two difficulties:

• Recall that Ōq is a thresholded segmentation. The network output Õ is a non binary probability segmentation
with 0 ≤ (Õ)i, j ≤ 1 where 1 ≤ i, j ≤ M. If we use Õ to produce the predicted sensor measurements, the
theoretical problem is that the boundaries of the scatterer, instead of being zero (reflective), are probabilities
between 0 and 1. Therefore, we get random behavior around the scatterer and the comparison between the true
and predicted sensor measurements (calculating lossPhy) will produce useless results. Also, if we threshold Õ
to get a binary image the loss function will have a non-differentiable element and the gradient descent algorithm
used in training the algorithm will fail.

In order to overcome this problem, instead of considering the scatterer as a reflective element in the medium
- we hope that the wave propagation velocity is close to zero inside the scatterer. Hence, we solve eq. (1) but
with a modified operator:

ü(−→x , t) = ∇ · ((1 − Õ(−→x ))c(−→x )2∇u(−→x , t)) (3)
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Fig. 4: Detailed process of using the physically informed loss

Thus, if the network predicts correctly, the velocity inside the scatterer will be near zero and the waves will not
propagate inside, as desired. Otherwise, the loss will be high, setting a penalty for the next gradient descent
step.

• The loss function which determines the next gradient descent step, has to be differentiable. This check con-
strains the implementation to only differentiable actions. We use a finite difference solver which can be con-
structed using only linear operations. So we can implement a function that solves the wave equation and can
fit the loss function. Using Keras [10], we observe that the automatic differentiation mechanism [8] recognizes
the implementation as differentiable and trains the network using this custom loss function.

The entire process is described in Figure 4.

3. Numerical tests and results

We created 25,000 simulations with varying arbitrarily shaped polygons (not necessarily convex). The polygons
were created by generating a random number of edges, edge lengths and angles between edges. The number of
edges and edge lengths were generated using normal distribution while the angles were generated using a uniform
distribution. We split the samples such that 90% of the samples are used for training and the rest for testing. The
medium size is [0, π] × [0, π] uniformly split to 128 × 128 points. We used 8 fixed sensors as in figure 1 and 1000
time steps. We emphasize the very small amount of measurements - adding more gives better results but we want
to test the architectures on more difficult tasks (in terms of data shortage and limited resources). So, to ensure we
prove our method truly generalizes and does not simply over-fit the synthetic experimental data, we keep a very
small ratio between the number of training set samples and the number of possible different obstacle geometries.
Additionally, after the training is complete the model is saved, using the model to predict the scatterer from a new
sensor measurement (experimentally produced or synthetically) takes milliseconds.

Each sample in the data-set has a 8 × 1000 matrix (the recordings in the sensors) of real values and a label - a
128 × 128 binary image of the arbitrarily shaped polygon. The intersection over union score is the chosen accuracy
metric. Training the network architecture of section 2.3.1 produces remarkable results with a 66% intersection over
union score for 32 million weights. In this experiment we use the NLL loss for training with around 400 epochs
(trained for a couple of minutes on a single nVidia Geforce 1050 on a laptop). The threshold used to compare the
predictions and true grounds was 0.5 (if the probability of the pixel to be inside the obstacle is over 50%, the pixel is
declared inside the obstacle).

Using the architecture of section 2.3.2 we achieve the same 66% IOU result on the testing data but this time for
a much smaller number of weights - around 4 million. To empirically prove that the architecture of section 2.3.2 is
more efficient we conducted a different test. We used a lighter dense layer in the naive version with only 2 million
weights and compared with the new architecture with 2 million weights as well. The results were 51% IOU score for
the architecture od section 2.3.1 and 57% IOU score for the architecture of section 2.3.2, giving us higher accuracy of
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(a) Example images of the probability of the pixels to be in the scatterer. Top images are probabilities and bottom are true binary
segmentation maps

(b) Example images of the predicted segmentation maps after using a threshold on the probabilities. Top images are predicted and
thresholded segmentation maps and bottom are true binary segmentation maps

Fig. 5

more then 2 standard deviations. Additionally, we reached convergence for a much smaller number of epochs without
over-fitting.

We tested the architecture of section 2 with the physically informed loss described in section 2.4. With the same
amount of data, the calculation of the physically informed loss involves solving the wave equation 25,000 times in
each gradient descent step which was not possible with our current resources and we had to reduce the problem in
order to create test scenarios. The first interesting result was that for a much smaller case, specifically with 100 time
steps instead of 1000 and for both α = 0 and α = 1 we obtained the same IOU score of 40%. We also showed that
for α = 0.5 the model was able to train and converge but not in a sufficient time in order to reach the saturation - we
cannot yet quantify the contribution of the physically informed loss but we do expect a contribution.

Examples of the segmentation maps the network produced (before and after setting a threshold for the probabili-
ties) are given in Figure 5. We observe that even non-convex obstacles were inferred correctly. We remark that images
with no obstacles were also generated and located correctly.

4. Conclusion

We presented a new approach for recovering a scatterer in an underwater medium. We solve the acoustic wave
equation numerically to create a data-set. We then trained several neural networks with different architectures and
parameters where the goal is to retrieve both the location and shape of the unknown scatterer. The method we propose
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does not need a parametrization of the scatterer and can recover the location and shape of complex geometries. After
training the model, the inference takes milliseconds and the model can be used for real-time applications.

We also presented a method to use the solution of the wave equation embedded in the neural network and create
a physically informed process. We penalize the model using the physical solution of the wave equation to get more
accurate and robust results. The extension of the model to the three dimensional case is currently being investigated.
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