Introduction to function spaces - lecture notes:
Semester B (Spring 2021)
Shai Dekel

Banach Spaces

Definition Banach space is a complete normed vector space B over a field F = {]R, <C},

Vector space: 30eB, Vf,geB, o,fcF =af +p9eB.

Complete: Every Cauchy sequence in B converges to an element of B .
Norm:
i. f=0=|f|>0

ii.  laf]| =] VaeF,
iii.  Triangle inequality | f +g]|<|/f|+|g]

Measure

In this course we shall mostly use the standard Lebesgue measure — the volume of a (measurable) set.
Examples: Q=[0,2]' cR", u(Q)=[Q=2".

But in some cases we will use the notation of ‘abstract’ measure space. That is (X : ,u) , Where for a measurable
E < X, u(E) is the measure (‘volume’), and for measurable function f : X — C, we can evaluate

[ 1 00du(x).
Example for weight measure: Let w:R" >R, J.R" w(x)dx =1. Then we can define dz(x):=w(x)dx.

We will need the notion of zero measure (volume). Example: a set of discrete points.

In the course we will also study distributions. These are linear functionals on ‘smooth’ functions. For example,
the Dirac:

(8,,1)=5,(f)=1(%), VxeR",feC(R").

Sometimes the Dirac is regarded as a ‘function’ with value oo at X,. This is misleading and not well defined. It
I

is indeed the “limit’ of a sequence g,(X):=a¢e *, Igt =1, t —0, but as functionals (g, f>t—>0<5o, f).
Radon measure — compatible with topology of space

I. o -measurable on Borel sets,

ii. locally finite (every point has a neighborhood of finite measure),

iii. inner regular (measure of a set can be approximated by measure of compact sets)



Lp Spaces
Q c R" domain. Examples: Q=[a,b]cR, Q=[0,1] cR",Q=R".

(Uf (x)‘p dx)llp, 0< p<omo,
esssup|f (X)), p = oo

xeQ

1],

esssmip\f (x) :=sup{A>0: ‘{x:\f (%)= A}‘>O}.

A>0

1< p <o Banach spaces
0< p<1 Quasi-Banach spaces (quasi-triangle inequality holds)

[t +al; <15 +lol;-

Theorem [Holder] 1< p<ow, fel (Q),gel,(Q)

1 1
Jfol< [t -1tk <Itl lol,  —+-L

Lemma Young’s inequality for products,
p P
absa—+b—,, l+i':1, va,b>0.
P P p P

Proof of lemma The logarithmic function is concave. Therefore

Iog[iap +i,bp'j= Iog(lap +(1—£pr']
p p p p

1 1 ,
> )+ —log(bP"
> > og(a )+ " og( )

=log(a)+log(b)=1log(ab).
Since the logarithmic function is increasing, we are done (or we take exp on both sides).

Proof of theorem If p=o0
Jlfal<ltl, [ lal<[ 1. lol,.

The proof is similar for p=1. So, assume now 1< p <o, ||f||p :||g||p, =1.

Integrating pointwise and applying Young’s inequality almost everywhere, gives




Uf (x)g(x)‘dx<J'Q[‘f (X)‘p +‘9(X)‘p']dx

p p’

1 1 ’
:BJ‘Q‘f (x)‘p dX+FJQ‘g(X)‘p dx

=l+i=1.

p o
Now assuming f,g =0 (else, we’re done)

I [T g (x)

dx<1= | |fg[<|f] [al,
”f”p ”g“p' -[Q p p

Schwartz inequality p=2

(f.9),|=

J,, fa| <[, 7al=Ifal, <[ [ ol

The L, spaces not comparable on unbounded domains

Example We’lluse Q=R . Assume 0<q< p<®

Choose
0 |x<1
f(x)=< 1
( ) |X|1/q |X|>l
We have f eLp(R) , feLq(R)
Now choose
1
g b
0 |x>1

Wehave f el (R), felL, (R)

Theorem If |O| <0, 0<q< p, f el (Q) then
” f ||Lq(Q) < |Q|1/q_1/p ” f ||Lp(Q) '

Proof Define r:=p/q=>1

1= I =J'Q|f|q1Hjj UQ(“'Q)rjl’r (Iglf’)w

er

:(J'Q|f|p)q/p|g|l—qlp

Theorem Minkowski for Lp spaces 1< p<owo, f,gel,,
If+all, <1, +lal, -

Proof for 1< p<oo ( p=1, iseasier). W.l.g f,g>0.We apply Holder twice,



[(f+a)’=[f(f+g) +[ag(f+g)"
(11, +1al,)([(F + )" )
(1, Ml )t +a)°)
(11, 1l (T +9)°)([(F+9))

| S S
-1
I#+al,

Up'

IA

-1/p

Thm For 0< p<1, we have

p
=4 =TI
k p k

(i) |f+gf, <2"**(|f],+lgl,) oringenera

N
2 f
k=1

N
<N A
p = '

Proof The quasi-triangle inequality (ii) is derived from (i), by using 1< p™ <o,

N
e
k=1

Holder =1

N Vp N /p (@-ppip \
() :[zl-nfknz] [zlJ (S8, )-we S,
P k=1 j=1 k=1 k=1
| —
N

To prove (i), we need the following lemma
Lemma | For 0< p <1 and any sequence of non-negative a={a,},

(Zakjp <>af

7 7

Proof We first prove (a, +a,)" <a’ +a} and then apply induction.

To prove the inequality use h(t):=t" +1—(t+1)" . h(0)=0 and h'(t)= pt"* — p(t+1)"" >0. Therefore,
h(t)>0, for t>0. This gives t*+1>(t+1)". Setting t=a,/a, gives

p p
a, a,

Proof of Theorem (i) : Simply apply the lemma pointwise for x e Q

2]

< (Z‘f ]dxsjﬁ(zk:‘fk(x)‘dex:Zk:.[Q‘fk(x)‘pdx:zk:”fk”g.

Definition The space | (Z), 0< p <o, is the space of sequences a={a,},_ , for which the norm is finite



o, - (Zar] s ocpem

sup|ak| p = .

Lemma Il | |, for p<q. Thatis, for any sequence a={a,}
lall, <[l

Proof Case of q=w, forany jeZ,

pllp p1/p
ol=(al") " <[ Sar | lal,
|

Therefore,

For g <oo, we have
Up

p/q 0/q 1q
(S| <3 (al)" -Zal =(Zal | <(Zer]
Hilbert spaces and L, (Q)

Def Hilbert space H : Complete metric vector space induced by an inner product <> ‘HxH > C.
Properties of the inner product:

i.  symmetric (f,g)=(g,f),
ii.  linear (af +Bf,,0)=a(f.9)+8(f,,0),
iii.  Positive definite (f, f)>0,with (f,f)=0< f =0

The natural norm ||f, = (f, f>1/2 satisfies
Q) Cauchy-Schwartz

(f.9)l=<]fl,loll,

(i) Triangle inequality

2
[+l =1 +2(f.a)+[ol <"+ 20 ¢ ol +lal" = (I +]ol)
So an Hilbert space is a Banach space.

Examples

O (@) (@h), =Y ah. —[zwjﬂz

ieZ

(ii) L*(Q) : f,g measurable, ( I x)dx

||f||LZ(Q)=|| || =(1,1)" ( oL O ax)



1

(2x)

The distribution function

For Q=R",C,=1.For Q=[-x,7]",C, =

Definition For (a measurable) f :R" — C, define d, :[0,00) —[0,0], by

d, ((Z)ZZHXER“ | f (x)‘>a}‘.

A A
f(x) dr(0)
a b —
)22 W
wf .
2 —
a b :
By |
0 Ej E E, e 0 a3 y a o

Fig. 1.1 The graph of a simple function f:):f_:] a; ¥, and its distribution function dy(a). Here
Bj=Yi_ u(E).

Properties
(i)  1f|g(x)[<|f(x) ae then d (a)<d,(a).
Easy to see since forany o >0, if |g(x)|>a = |f (x)|>a, fora. e, xeR", which implies
df(a):‘{XeR” ; ‘f(x)‘>a}‘2‘{xd@” ; ‘g(x)‘>a}‘:dg(a).
(i)  dy(a)=d,(a/d), vc=0 (assignment)
(i)  d; (a+p)<d(a)+d,(B) (assignment).

In the next theorem you may identify X =R", du=dx.
Theorem For f el (X,du), 0<p<oo,

”f”Z :_[><|f|p du= pJ.Oooocp"ldf (a)da.
Proof

p.[owapildf (a)da - p.[owapl(.[x 1{x:\f(x)\>a} (X)d/u(x))da

_ J.X (J-Of(X) Dar pldajdlu(x)
= [ ()" da(x)

- ” f ||I’_)p(X)



Weak L, spaces

Definition For 0< p<oo, L, the weak L space is defined as the set of all measurable functions f: X — C,
such that there exists 0 <M < oo, such that
d (@) a<M,Va>0. (¥

We also define |[f| = inf M =supd, (a)"" a.For p=co, we define L..=L,.
a>0

p.© M satisfies *

Example X =R", f(x)=|x|"", p<w. Itiseasytosee f L . However,

d, (a)zHXeR” I >a}‘

:HXER” : |x|<a’p’“}

=[B(0.1)|a"",
where B(x,r):={yeR" : l[y—x|<r}. This gives that
], =supd, ()" a =[B(0)"" <0

Theorem For 0< p<oo, L isaquasi- Banach space

Proof Let f,gel, . By the properties of the distribution function, for 1< p <o,

=supd,_, (24)"" (20)

a>0

< 2sup(d, (a)+d, (oz))l/p a

(iii) a>0

< ZS,up(df (a)l/p a+d, (05)1/p a)

a>0

< 2(supdf (0:)1/p a+supd, (ﬁ)ﬂp ﬂ]

a>0 >0
< 2(|

0 Lp,ao).
llp(

Theorem For 0< p<oo, || f| <|f]  andhence L,cL,,

Lo )

Proof The proof is a direct consequence of the Chebyshev inequality. Let f eL . Forany a >0

d; (a)a’ I‘{XGRH | f (x)‘>a}‘ap

< f
J.{xe R" ‘f(x)‘>a}

SJ.\R"‘f (X)‘p dX:”f”Z

x)‘p dx




First Glimpse into interpolation (of function spaces)

Theorem Let 0<p<q<oo,and fel (L, .Then fel  forall p<r<gqand

Ur . ~
Il [ - qr j [ e | £ e
This implies that if f e L, N L, then
Ur
I N il

Proof The case q =0 iseasier. Recall L, =L, .So, we need to prove

Ur
I, <[ 1

It =r[" a"d, (a)da

g ﬂ Lol ||pw|

Since d, (a)=0 for a >|f|_,

—rf! ”wafflfpn t° de
0 p,o

T p r-p
gy A Ll A

Nl [l
df(a)Smln 5 ' 4 |

Let 0 <q <. We know that

(94 (44

L
(I ]
qoo

H
s

For

we have that

L
TR (00 e [{ W I S [
L. T e e

Then



I1]; =r[} ad, (a)de

o I DG
<rj a"“min| —= —2 |da
) al ! ol

=r[Ca |2 datr[ a0 da
0 B g,

- —|| lp.. Br"’+L||f||2,w'3“q

r-p>0,r—g<0 f —

e i . )

)
r
i1 s(r e | I

Ur
r r Yp-tr
N el Ll i T

r-p q-r

This gives

First Glimpse into Hardy spaces
Q=RR", Laplace operator

n 2

L=—A=-) —
= ox®

{ a—U:Au,
ot
u(x,0)=f(x).

The Gaussian (heat) Kernels satisfy the Heat equation

The Heat equation u(x,t)

1 I
(Dt(X)::We/M, J.Rn(pt(x)dX:L t>0.

Convolution f,gel (R"), f*g(x):=]  f(x=y)g(y)dy.
Q) By change of variables, itiseasy tosee f*xg=g=*f.

(i) f.gelL(R")=f*gel,(R")
Semi-group ¢, *¢,=¢,.,, t,5s>0.

Theorem If f is continuous and bounded then

u(x,t)=g * f (x)=_|'Rn f(y)o (x—y)dy,

solves the Heat equation with initial conditions f .

Sketch Easy to see



(%-AJu(x,t):j\\{{%—AJ@(x—y) f(y)dy=0.
u(x,t)=g,=f (x)t:>O f (x).
Maximal function

M, f (x)=suplu(x,t)|=sup|g * f (x)|,  WxeR".
t>0 t>0
Typical questions

Q) If we know that f e, (]R”) , 1< p <oo, what can we say about the solution? In other words, can we
bound HM(prp?
(i) If f isa functional acting on ‘smooth’ functions, then ¢, * f (x):= < f 0 (X—-)> is well defined for

every x e R". When can we say something about M, f ?

The Schwartz Class

Let ¢:R" — C. A partial derivative of order m

e "y ”
— - Z , a =, = .=
(04 (al an)e + ¢ 6)(10!1 .._aX:n |a| ;al

Properties of multivariate monomials:

(i) NG :=ﬁxf", xeR", a=(a,...,a,) €L

<C(n, oc)|x|H where |x|:= \/5

Proof Define ¢(x):=x“. This function is continuous and so let C(n,a):= ||¢|| y < where

(i)  Forany aeZ’, |x

B(0,1)={xeR": x| <1}. Thus, [x*|<C(n,a), Vxe B(0,1). For arbitrary 0¢ XGR”,

Gl "

(iii)  [Inverse] Forany k >1, 3C(n,k)>0, such that
|x|k <C(n,k)

a

X
<C>

X eB(0,1)= ; |‘a‘ <

X

laf=k

Proof We claim C(n,k)_l = min Z X*

=LA

ways to see this.

a. Forany xeR", |x|=1

> | [ > 0.
i=1

If |nf Z =0, then since S"*: {x eR": |x| } is compact, we arrive at a contradiction by

M=t G

—0=3xeR"|x|=1 Y|x|=0.
i=1

\xl \xl



b. Similar approach: use the equivalence of finite dimensional Banach spaces |, (n)~1,(n):

3 || Zgw — x> C(n k) X =C (nk)

‘a‘:k

i)

|er|=k

Then, VxeR"\{0}

ZC(n,k)_l :|x|k <C(nk)>:

o=k

Xa

Definition C" (Q) : The space of all continuously differentiable functions of order m in the classical sense.
(@) Z "

‘a‘ém

The semi-norm (there could be elements f eC"(Q) , |f|=0, f #0)

cn(Q) T Z

la|=m

< 0.

@

o

o0

Example C" [a,b] Then ||p

R QY PRI
Cm[a,b]—kz_;ugo Hw is anorm, |o

polynomials of degree m—1 as a null-space.

can] = qu(m)HLm[ayb] is a semi-norm with the

Def The Schwartz class S, is the set of C* functions ¢:R" — C, such that for all «, S 7", there exists
C,(a,p)>0, such that

x”‘aﬂgo(x)‘scw(a,ﬂ).

The set {C,(a, B)} is called the set of Schwartz semi-norms of ¢.

sup
xeR"

Examples/properties

Q) e™ S becauseitisin C* and decays faster than any polynomial.

(i) eMes,itisnotC”.

(i) Cy(R")<=S(R") (compactly supported smooth functions)

(iv)  Alternative definition (assignment). Forany o €Z",and N >0, 3C,(a,N)>0 such that
op(x)]<C, (@ N)(1+ )
x“o” ((o—(pk)(x)‘ -0, Va,BeZ’.

-N

(v) PP, as k — o0, if sup
xeR"

(Vi) @eS=0pel, forall aeZ], 0<p<oo,
Proof For 0< p<oo, let N >(n+1)/p.

J-e\” Ga(o(x)‘p dx :Ln‘(l_i_|x|)(n+1)/p aa(ﬁ(x)‘p (1+|X|)—(n+l) dx
(1+|X|)N GQ(D(X)‘D Ln(l_i_|x|)f(n+l) dx

<C(a,N)*C(n)

<sup
xeR"




Tempered Distributions

Definition The dual space the space of continuous linear functionals. The dual space of C;’ (R”) denoted by

(cg’ (R“)) =D'(R") , is the space of distributions. The dual space S'(R") is the space of tempered
distributions. We will denote the action f €S" on €S, by <f,(p> . This means that if ¢, 2,8 K—o,
then (f, gok) <f ). We will assume the following stronger assumption: A linear functional f isin S’ iff

there exist C >0, m, Kk such that
(f.o))<C > C,(a.p), VpeS.

laj<m,|B|<k

Observe that if this is satisfied for a linear functional f , then for any ¢, 29

(f.0)=(f.0,) =T 0-0))

C z (ﬂ*(ﬂ(aﬂ)_)o

]

<Pk
Examples
(i) We already discussed the Dirac <5X0,(0> =0(X), X eR".
(i) If fel,(R"),1<p<oo,thensince ScL,(R"), %+%:1, we can define (f,p):= LRn fo and
by Hélder, for N >(n+1)/p’
(E.o) <]l el
<C||f|| c (0 N).

(i) Algebraic polynomials — Let P IT,_,(R"), P(x)= a,x“, a, € C. Then one can define

|a|<r

(P,p) = IRH Po. Easy to see that
(P.¢)| < Zlaalhn x“|lp(x)

<c(n, r)max|a |zc (0af+n+1)[ , X[ (1+]x])°

|a|<r

‘ dx
\a\+n+l

dx

<C(n,r)max

a,|C,(0,r+n)

|a|<r
(iv)  Any function that satisfies | f (x)| < C(1+|x|) , for some M > 0. Same proof as for polynomials
(polynomial growth).

Definition Distributional (generalized) derivative of f €S". Let « €Z" . Then
(07 1,9):=(-1)"(f,0%p).
This definition is in line with integration by parts. If ¢,y €S, then

Jo (@ )y = (" [0(0w).

— 0, VBeZ and g,y €S.

\X\

Remarks:
(i) Notice we are using ‘aﬂ(p(x)‘,‘a"z//(




(i) We will later require that the distributions and their distributional derivatives are functions.

Examples
(i) (0°6,.0)=(-1)"(5,.0%) =(-1)" 2"p(x,)

Xx+1 -1<x<0,

(i) Assignment: For H(x):=41-x, 0<x<l, 10 |
0, else. os T
1, -1<x<0, L |
prove that H'()=g(x) = L 0<x=1 e e
0, else.

Examples for other operations on distributions via duality:

Q) Composition with an invertible matrix. What is f (M ) ,for f €S"?If f isa function, then
.[R“ f (Mx)gp(x)dx y::MX‘det M _lUR” f (y)(p(l\/l —1y)dy.
So we define (f (M -),p):=(f,[detM*|p(M*.)) , Vpes.
(i) What is a compactly supported distribution? Again, we define by duality. We say supp( f)=9, if
(f,p)=0,forany peS, with supp(p)=Q°.

Sobolev spaces

Definition We define the space of test-functions C, (Q) - continuously r -differentiable with compact support
in Q.

Definition Sobolev spaces W, (Q) 1<p<w

Def I For 1< p <o, completion of C; () with respect to the norm > |6 f

‘a‘sr

. For p=o, we take
Lp(Q)

W' (Q)=C"(Q).

0

Def Il Let f el (Q). Now for e eZ’, |a|<r, g:=0"f isthe distributional (generalized) derivative of f if
it is a function and for all ¢ C; (Q)

_ lef a
jgg¢_(_1) J.Qfa 9.
So, in this sense H eW_(R), 1< p<oo.

Assignment: Use cubic Hermite interpolation to find a sequence of functions { f,} = C'[-1,1], such that
f, = H in W'. Hint: Create Hermite cubic polynomials over [-1/k,1/k], k >1.



The Sobolev norm and semi-norm. We require that the distributional derivatives exist as functions(!) in

L, () and
|f ”w;(g) = Z

|e|<r

Theorem W, (Q) is a Banach space

o“f o“f

L,(Q) <o |f|w'(g) = Z

A==

Proof We only need to prove completeness. Let { fk} be a Cauchy sequence in W . Then 0” f, is a Cauchy

sequencein L, Va,|a| <r.Since L, is complete, there exist f, €L, as the limits. We can view them as
distributions. Let ¢ € S, then

(T 0)—(f,.0)| <[ [0 F - 1,
Therefore 0” f, 7 f_ . This means that
(f..0) = lim (o f, o) = lim (-1)(f,.0%0) = (-1)'(1.0¢) .
Therefore f, are the distributional derivatives of f andso f, the limit, isin W .

o“f, -1,

ol < el

m}

Theorem For a ‘smooth” domain Q c R", 1< p<oo and r >1, there exists a constant C > 0, such that for any
O<j<r,e>0and f eWpr(Q),
], <C(elf],, +& " [f],) -
Remarks
(i) Sometimes one sees in text books a definition ||t =[f[l_ o +[f|,q). since by the theorem
with £=1

o“ f

[l # Pl < 00Ty <C (1o )

(i)  The constant C depends on the ‘smoothness’ of the boundary o€ .
We will prove the theorem for Q=R". First, we need two lemmas

Lemma If g eC?[0,5] and 1< p <o, then

(0= P e

o

(P —n[? p
g"(u) du+s pj'o\g(u)\ du)
Proof Let g eC?[0,1] and x[0,1/3],y €[2/3,1]. By the mean value theorem, there exists z (X, y)

0 LIt L P Y

|y =X
Therefore,

'(0) =|a'(2)- [} 9" (w)to|<3((g (x) +la (v)) + [lo” ().

. U3 el . .
Integration jo L/sdxdy on both sides gives

'(0) <[} g (ax+ [, Jo(v)lay+ [o (w)cu

1
9



So for p=1 we have

39(.|'01‘g(u)‘du+'|.01
((mg wf e +(.

c(p (J. |g(u)| du+j 9" (u )pdu).
<1. §'(u)=59'(su)=g'(0)=57"6'(0)
( (u)" du+J §" (u) du)

g”(u)\du)

For 1< p <o we get by Holder

g”(u)pdu)ﬂpj,

Which gives

@
/—\
I/\

Now for § >0 define §(u) =g(5u
p
g

l

(o) =
:C5"’( I g (v )‘ dv+52"‘1 (v)‘pdv)
o[ la

g (v)* dv+5pj l9"(v)" dv)

Lemma For 1< p<oo, §>0 and f eW?(R")
sc(ﬂfbp+54M”J

|f|1,p

Proof By density, sufficient to prove for f €C*(RR")NW/(R"). Forany xeR" and 1< j<n, denoting
,0,..., 0), and applying previous lemma
P P p 5| 0?
-1 -p 11 p
<Co | o J.O‘f(x+uj)‘ du; +o J.O azxj

a_xj(x)

p

dx.

of
aX( J

Je

p
dx = Lﬁxim@( )
<Cs j

X #X] [

<cl.., [ CLITO ax et
p

)

1 o
<c|at],+o 2
p

5| O° _
x+u ‘ dxjduj+5".[0 Iw‘ﬁf(Hu')
]

p
J dxlduJJ

62

<c[5pn||+5p f
02X

j
This gives
of

‘ax

f

Jsc@5ﬂfh+5“hﬁy 1<j<n.
j i



Which implies
[, <c (a0t +oltl,,)-

Proof of theorem For 0< j<r,and any >0, choose & = /"7

First, we prove for j=r-1. Assume that for some 2<k <r-1
[y <Clalfl, +n “V1],) -

. The proof is by double inductionon r, j.

Then, by the previous lemma
| f |k,p =S C(5| f |k+1,p +5_1| f |k—1,p)

<C(6]t,,+5n| |, , +57 | t],)
Choose 7 such that C6 ™' =1/2. Then
[l <C(3]F| oy +7 (T, )-
We now prove downward induction on j. We assume |f| C(é"j | f |r’p +570||f ||p) for2<j<r.
[0, <C (018, +0707] 1],

C(s]f]
gc(é(ér"|f|r’p+5‘ 1], )+ 00t )

<C(s 0|+ UV E] ).

rp

Setting 5 = &""7 gives
]

R LT AR CURTI LN

Application of Sobolev space: Approximation with the Fourier Series

We now focus on the domain T" =[-x, z]" and 2 - periodic functions. They are extended to all of R" by
f(x+27k)=f(x), keZ", xeT".

Periodic...what does it mean for us? For example, the function f (x) = X IS not continuous as a periodic
function.

L, (T") is a Hilbert space equipped with the dot-product

(f.0)=
The exponents are an orthonormal basis

z f fk)=(f.e*)= 1 ITn f(x)e™dx,  kx ::<k’x>|2(w) :iZl:kixi :

2 ez (27[)n
The partial Fourier series

Suf(x):=> f(k)e™.

Convergence in L, means that forany f e L,(T"),



. 2
r!llmo”f -S, f”iz(w) x)| dx=0.

Parseval identity
~ 2
[f= 2] ¢

Observe convergence is not pointwise! There exists a continuous periodic function f : T — R such that

skt )=

N—)oc

There are even more exotic constructions! Conclusion: “Don’t bring a knife to a gun fight” = Don’t apply in L,
an Hilbert space/ L, tool. [This is covered in the “Approximation Theory” course].

Now let’s try to say something about rate of convergence. Here is a typical approximation theoretical result: a
Jackson-type estimate.

Theorem There exists a constant C(r)> 0, such that for any f eW, (T),
EN(f)ZZHf_ N SC(r)N7r|f|r,2’ |f|r,2:Hf(r)L(T)

Let’s prove a slightly weaker Jackson-type estimate (simpler proof)
Theorem Let f eW,™(T) then

Lp(T)

EN ( f )2 < C (r) Ni(Hl/Z) | f |r+l,2 '
Proof First, assume f e C™(T).

1. Decay of the Fourier coefficients -

By Parseval we have

2

A

f(k)e"“”

> f

[kj=N-+1

|f-Sy f”Lz("JI‘) -

(k)

k=N 2

r+1

We show | f (k)| <[k| "]

, k#0. Integration by parts yields,

¢ 1 % i
:gjﬂf e ™ dx
—|k il ) %i f'(x)e™dx
" —
ik
By repeated application of the above
‘f(k)‘ﬁ|k|_(rﬂ)< r+l) ( ) |k| (r+1) r+1) 2
Note: f eC'(T)= f(k)‘:‘(f“))A(k) i =] " (k) <0

We shall later see that the Sobolev space W, can be characterized by this ‘Fourier’ domain property.



2. The estimate of the tail

A 2 N T 1
Jr-suff= 3 [Ff <2 3

[k|=N+1 k=N+1

iiST%ZLN—(a—n: iLSLN_(ZM)
K K xt a-1 k:N+1k2(r+l) 2r+1

2
2r+1

” f_ SN f ”2 < N—(r+1/2) H f (r+1)

) .

3. Density - If f eW,™(T), we apply the density of C"(T) in W, (T) (assignment).

The origins of the Fourier Series (... which reveal how to generalize it)

The Heat equation over T, t >0, u(x,t), -T<X<71w

a_y,
ot

u(x,0)=f(x).

Laplace operator Lf =—Af =—f".

_(e"“ )" =k%"™ = {e"‘x} eigenfunctions of L, k* eigenvalues of L.

Lf (x)=—Af ( Zk f(k)e™, vfeC*(T).
For ¢:R — R, even, define (L ng( ) )e™ .

Spectral representation to solution of the heat equation with boundary condition f , is through semi-group
¢ (u)=e™, t>0. The solution is

(X t) ze—tkz A |kx .

Example Let (p(u):l[ (u). Then,

-1]

o(NVL) F (x Z¢[| |j e = z f(k)e™ =5, f(x).

Fourier Transform

A rigorous approach is to first define the Fourier transform only for Schwartz functions.
Def peS (R”) , then

P(w):= IR" p(x)e ™ dx = IRn go(x)e’i<w‘x>dx : weR".
Properties of the Fourier integral:

i.  1f we expand the definitionto f e L, (R"), Hwa <|If],-



ii. For fel(R), f isuniformly continuous.

Proof For £ >0, let M >0 such that IRH\[iM M]n|f|s . Then, forany 6 e R"

f(we)—f(w)=[[ e (e ~1) f (x)o
J' —iox ]_“f |dX
J ‘ el ( |dx+'|‘w\[_M’M]n‘e’igX 1| (x)|dx

< sup » e 1|/ ||l+23‘6‘:>025.

xe[-M

iii.  (f(-2)) (w)=[ f(x-2)e™dx=[ f(y)e™dy=e™f(w), zeR".

iv. For peS(R), (¢") (w)=(iw) p(w)

=gp(x)e™ IWj e " dx
)
IWJ. "dx = iwg (W)
Examples: 1
L (X) =Ly (x) . Then, f (w)= ie-wax e_m m_/l 1.5v
i f (x)=sinc(x) nizx), f(w):lhﬂ](w).CaLﬁJI! since L, \L,.

W2

iii.  Gaussians ga(x):e"“z, g, (w)= Ze4a o >0. Thisalso implies a special case of the inverse Fourier
(04
1 A iwx
=—jRga(W)e dw, VxeR.
Convolution on R"
f *g(x):fRn f(x—y)g(y)dy.
Theorem For f,gel,(R"), (f xg) (w)=f(w)§(w), weR".

Proof
(f *g)A(W)=IRn f *g(x)e“Wde:jRn e“Wde.[Rn f(x-y)g(y)dy
:J'R g(y (jR f(x—y)e"wxdx)dy

)
g(y)e™ f(w)dy
(

w).

>



Examples: B-splines N, (x)=1;,(x)

0 x<0
min xl X OSX<1
NZ( ) N *N IJTOl X t)dt0<§tt<<i -)[10 dt = 2—X 1<x<2
0 X>2
5-5\ :
b *
‘ ] 01[ o5 1 15 2 25 3
N, N, N,

We define N, := N, *N, =N, *---#N, . Therefore, (N, ) (w) :(1_iSVIW] :
Theorem If pe S, _[gz):l, and f e LP(R“), 1< p<oo, then, for ¢, ::t’“go(t’l-)

If —o * f||pt:>00.
Corollary Sisdensein L , 1<p<oo.
Proof Use smooth ‘windows’ v, €S, 0<y, <1, supp(wz)=B(0,R), wy=10n B(0,R-1), R>1.Forany
£>0,select t >0, such that || f —¢, * f||E <e&/3,and then R >0, such that

” f ”I:(]R”\B(O,R—l)) ’||¢t * f”Ep(R"\B(o,R-l)) <&/3. Define ¢:=yy ( f >X<(/)t) €sS.

”f_¢”p:.|. 0R1|f_f*¢‘|p+j\R\BOR1‘ _l’// f*(ot)‘

<I\R” f_f*(ot + J.\«\BOR1| | J.]k\BOR1| *¢t|
<&

Theorem For ¢,y €S (R”)

<¢'W>L2(Rn) =(27)" <§5"/7>L2(Rn) -

Proof (n=1).Let g,(x)= e *=. We already saw that g, (w)= e . We apply the special case of the

2\/ o

inverse Fourier for Gaussians

j@a(w)(ﬁ( dW jg Igp(x)e 'dex'[;// (y)e™ dydw
= [0 () [ (y)(] 4. (w)e""dw)dydx
=2z (x)( v (v)3. (y-x)dy)x
( X —

)
=27 (x)( v (¥)9. (x-y)dy)ax

When we take limit ¢ — 0°



Theorem [Inverse Fourier] For ¢ € S
ANV 1
X)= X) =
o(0=(0) ()=

Proof We use again the Gaussians. For « >0, by the previous theorem, for any x e R"

J-]R" p(w)e"™dw, VxeR".

[ o8, (=98 = [ W), (wyom =
1 wx
¢>(X)=(2”)n [ p(w)e"dw

Theorem The Fourier transform is a homomorphism on the Schwartz class.

Definition Closure of SL, in L, is L,. So, we may extend the Fourier and inverse Fourier transform to L,.
Moreover, Vf,g e LZ(R”) <f,g>:(27z)ﬁn<fﬂ,@>.

Example The sinc function. f (w) =1 . 4(w)... whatis f?

1 e™—e™™ sinxx

27 iX X

100'\ iwx l”iwx leiWX”
f(x)=z‘|'f(w)e dW=§Ie dw=5 x|

sin(at)
wt

Vi RV

Fourier transform of distributions
Observe that for ¢,y €S
oo ()i (x)= [ o(x)( [, (

Jev([o(

=| o(y)w(y)d

R

(
(¥)

<

'Xydx)dy

y) e"xydy) dx
y

Again, we extend by duality
Def The Fourier transform of a distribution f €S’ is defined by



<f,¢>::<f,é)>, Vpes.
Example f =4,

Few properties
(i) f,geS',then(f+g)A:f+Q.ForanygoeS

((1+9) o) =(F +0.0)=(F.9)+(0.6)=(T.0)+(3.0).
(i) IfpeS, feS then (frp) =fgp.

Definition of convolution: Observe that for functions ¢,¢,y € S

[ (o)w =[.(]..0(n)o(x=y)dy(x)dx

So, we define for f €S', f*¢p by

Alternatively
frp(x)=(f.p(x-)), xeR".

Definition of multiplication: We define f¢ by
(fo.w)=(f.oy), wes.

Now,



Function space characterization in the Fourier domain

Simple example: Parseval feL Z‘f ‘ <o, ||f||L2(Tn):H{f(k)}

kez"

(=)
feL(R)e fel(R"), |, :(2,,)4

:

Let’s focus on the case of R". We subdivide the frequencies to ‘dyadic rings” Q; = {W eR": 2' <|w|< 2”1} :

jeZ.For fel,,let f,,bedefined as the dyadic ‘frequency slice’ by f; = ( lej )v . We have that f = z f;
i

and { ;| are orthogonal to each other because (f;, f,)=(27)" < f., fk> =(27)" 5, . Therefore
1/2
I =(3 0,20 )- 200 0= I =1k I
je

What about p =2 ? Much more complicated, but we can mimic the above. Let ¢ € S, such that
supp(9)=B(0,2), 0<¢<1, ¢p=1on B(0,1). Define y €S, by y(w):=p(w)—¢@(2w) and
vy (w)=y(27'w), jeZ. supp(y;)={weR": 2" <|wj< 2"}
Lemma ) i, =1.

i

Proof Let we R". Select J eZ, such that 2” <|w|<2’**. This implies that 2777 |w| <1, 277" |w|> 2.
31 _
502 hw)= 3 o(2 w) (2 )

j=—0
=¢(2 Il )_ (2 J+2 )+¢(2—J+2W>_¢(2—J+3W)+”_
=0-0+0-0+---

(2 w) = S0(2 ) -o(2 )

Next, we define the operator A, f := f *y/;. Observe that since y/; € S {AJ} are well defined on S’, so in
particularon L, (]R" ) , 0< p <. In the Fourier domain these operators serve as frequency ‘cut-off” operators,

similar to the simpler ‘cut-off” indicators in L,: (AJ. f )A = fy i



1/2
Theorem [Littlewood-Paley type] f eL,(R"), 1< p <o iff (Z‘Ai f‘zj e, (R").
J

p/2
(LH(Z‘AJ(X)‘ZJ de
J
Theorem f e L,(R") isin W, (R") iff

U ‘f ‘ 1+|W| )1/2<oo,

10~ (1.7 0] (1 o) )

Remark This allows to defined Fractional Sobolev spaces for s R, and 1< p <o by checking for f €S’ if
sl2 A\Y
((1+|~|2) f) eL,.

Proof [One direction for now] First, let f €S . We claim that for 1<k <r

| (wf o™ ow -1 [z

Up

[zr]

and

o f

2
)
Let’s start with n=1. In this case
(109 (w) = (iw)* f (w)= ‘( ) (w)‘ ~ | (w)
So, by Parseval

1

1= =521 o™

( f(k))A (W)‘2 dw = % |f(w)

For n>2

|W|2k:(mzr;;w,ijk:(wf)2+n(wl“w)+ -+ (w ) >a,(w )

o=k
Repeated application, coordinate by coordinate, each step similar to the univariate case, gives

(81 (w)=(iw)" f (w)=|(@*F) (w)‘ = we || (w).

o

w

Example



This gives

Thus, we obtain

Therefore

To complete the proof for f eW, (R”) , we apply density again. There is a sequence {(p,-}j>l,

|-, —

W J-)oo

—wyw, f (w)
R — D’AWZW=1 AWZW‘Z
2_(272_)" -[]R“ (8 f) ( )‘ d (272_)“ -[R"‘f( )‘
1 ; ~ o | g
(272.)“ j\R ( ‘ |W| dw = ‘ L Tk ]d
~z—nm (o e o

a

2
f J
2

| F ) (1w dw= gbij\f (w)| ™ cw

3ot

k=0 ‘a‘:k

S| 2le
HVHI1(K)~HVHIZ(K) laj=k

~|f|k,2'

2

o f 2

(Z Jz Itk

@; €S, such that



The Laplace operator, the Heat equation and Fourier transform

Q=R", Laplace operator
n 2
L=-A=- 8—2 :
o1 OXy

On R we have that L( 'WX) w?  e™ | vweR. Spectral representation of the operator

eignevalue eignefunction

// |wx 17 £ iwx
Lf (x)=—Af ( =——j dw_zjwzf(w)e dw, Vf eW?(R).

—00

Lf (x)=—Af ( —A[Zf J ZK f(k)e™, v eW;(T).

The Heat equation u(x,t)
ou

— =AU,
ot
u(x,0)=f(x).
The Gaussian (heat) Kernels satisfy the Heat equation
— 1 —\x\2/4t
pt(x)-—We ) J.]R p(x)dx =1, t>0.

Semi-group p,*p,=P., t,5>0.

Theorem If f is continuous and bounded then

u(x,t)=p,*f(x),

solves the Heat equation with initial conditions f .

Sketch Easy to see

(%—Aju(x,t)=_[Rn(§—Aj p(x—y)f(y)dy=0.

u(x,t)=p,*f(x)—> f(x).

t—0

Spectral representation to solution of the Heat equation with boundary condition f

on R e f (x) :ije-thf‘ )eiWXdW=2iJ.(f*pt)A(W)eiWde=f*pt(x)zu(x,t),
T

on T e f (x Ze’tkz f(k)e™ e =>"(p*f) (k)e™ =p*f(x)=u(xt).

k

What is the equivalent of the partial Fourier series on R"? Approximation from shift invariant spaces of the
sinc (approximation theory course). Define ¢(u) = Lq (u). Forany h>0, we apply



o0

o(nL)f (x):zij¢(h|w

T

) £ (w)e™ dw

Maximal Functions (Stein, Chapter 1)

We work in a more general setting of a space X , with ‘balls’, B(x,5), xe X , § >0, and measure 4 .
{B(x, 5)} are open sets in the topology of X . You can still think of the special case X =R",
B(x,6)= {y eR": [x-y|< 5} , 1 Lebesgue measure = volume.

We assume several properties:

(i) Monotonicity B(x,6,)<=B(x,6,), for 6,<6,, ¥xe X.

(i)  Thereexists ¢, >1, such that B(x,5)B(y,5) == B(y,5)<=B(x,c6).
(iili)  There exists ¢, >1, such that |B(x,c,8)|<c,|B(x,5)
(iv) (B(x.0)={x}, ¥xeX.

6>0

(“doubling condition™).

Example X =RR". We can choose, ¢, =3 and ¢, =c/, since
B(x,c,8)|=c(n)(c,)" =cc(n)s" =c] B(x,5).

Example for the construction of balls Let p: X x X — R, be a quasi-distance satisfying with x >1
i  p(xy)=0=x=y

(i) p(xy)=p(y.x)

(i) p(xy)<x(p(x.2)+p(y.2))

Then we can easily define balls by
B(x,5) ::{ye X p(x, y)<5}.
These balls satisfy properties (i), (ii) above. To see (i), assume B(x,5)NB(y,5) =<, then there exists
zeB(x,6)NB(y,d). By the quasi-triangle inequality
p(xy)<x(p(x2)+p(y.2))<2x5 .
If weB(y,d), then

p(X,W)SK(p(X, y)+p(y,W))SK(2K5+5):K(2K+1)§.

Observe that ¢, =3, if k=1< p is a distance.

Definition f e L*(X), if for any compact Q< X , | f ||L1(Q) <o,
Example Polynomials P(x)=>"a,x“, P¢L (R"), PeL*(R")

|a|<r



Definition For f e L (X ), we define the centered maximal function

Mf (x) —sup

‘ X5 ‘J B(x.9) y)‘d,u(y)

and the uncentered maximal function
—sup |j £ (y

We claim that there exists a constant ¢ >1, such that
Mf (x) < Mf (x) <cMf (x), WxeX.

Indeed, let x e B=B(y,5). This implies by property (ii) that B(y,5) < B(x,c,5).

1 ‘B yC25HB x¢o) 1
‘B(y’é')‘J‘B(yﬁ)‘f(y)‘d;u(y) ‘B y 5‘ ‘B y. 025 HB X 05)‘_“ qu‘ (y)‘du(y)
%,_/%/_/

<cf <1 using (ii) <Mf(x)
< c;Mf (x)

Theorem [Maximal Function Theorem] Let f: X - C
(1) If felL,,thenforany >0

C
xe X M (x)>a)|< S| 1], = mi]) <c|f],
(i) If fel,, 1<p<oo,then
M, < AL

. 1
with A ~—1,as p—1.

Example X =R, f =1, . Obviously |f]l, =2. Easy to see that for x e(-1,1), Mf (x)=1. Why?
Take >0 small enough such that B(x,5) =(-11), then

1 —
N = gy e "

WJ.B(X@

However, for x ¢[-11]

X+0 1 1
J.x—ﬁ T (V)Y et 2(|x|+1)~[ = 2(|x+1)

Mf (x) =sup

6>0

(x—8,x+0)

Andso Mf e, 1< p<oo,but Mf ¢ L,. However, Mf e L, . To see that, first observe that |Mf|| <1. Thus,
{xeR: Mf (x)>1}=2.Forany O<a<1/4
1
>1:
(Fet 2]

<20+1-2a0 =1

a‘{XeR: Mf (X)>a}‘:2a+a

Forl/4<a<1,



a‘{XeR: Mf (X)>a}‘:2a+a

{|x|21: mm}

<2a+0<2
so, [[,.. <2.

To prove the theorem, we need Vitali’s covering lemma

Lemma Under our assumptions on balls, let E be a finite union of balls. Then, one can select a pairwise

disjoint subset {Bj }"Ll, such that

]

J
|E| sczzll\sj\.
=
Proof Choose B, (x,,d,) as the ball of maximal radius. Next choose B, (x,,d, ), such that BB, =&, with
maximal radius &, < &,. We continue the process until we can go no further. From our construction, the subset

{Bj }";:l consists of pairwise disjoint balls. Any ball from the original set intersects with one of the balls {Bj }J

j=1
otherwise it would have been added. By properties (i) and (ii), each ball B, (xj,cldj) contains all balls that

J
intersect with B, (x;,5; ), with radius <, . Therefore, E = | JB;(x;.¢,5; ), and by property (i)
it

J

UB; (.06

j=1

|E| <

J J
SZ‘BJ (x;.¢0, )‘SCZ;‘BJ.‘.

j=1

Proof of maximal theorem It is sufficient to prove the theorem for the uncentered maximal function M .
Denote by E, = {x e X : Mf (x) > a} . We assume that E_ isopen! Let E ¢ E, be a compact subset. By

definition, for each x € E, there exists a ball B, , such that x € B, and
1 1
a<mJ‘Bx|f|:>|Bx|<;J‘Bx|f| .
Since E is compact, it can be covered by a finite collection of balls from {BX}XGE . By the Vitali covering

lemma, there exist a pairwise disjoint subset {Bj };_l, such that

J
|E|sc2_§;\sj\.
=
This gives that

3 1 1
|E|SCZ;‘BJ‘SCz;;J.Bj|f|SC2;IX|f|'

We now assume that since E_ is open, it is a limit of a sequence of compact set E c E, (thisistrue if X =R",
or isa o -compact metric space). Therefore, we obtain (i)

(Z|Ea|:05{X€XZMf(X)>a}SC2IX|f|, Va>0 :>||Mf||l’w£c||f||l.

We now prove (ii). For p =00, it is obvious that



1 N
EIB|f|§||f||w:>Mf(x)ng(x)s||f||w.

Let 1< p<oo.For a >0, let

f(x), [f(x)>al?2,
fl(x)::{ ( ) ‘ ( )‘
0, else.
We have for x € B

f(y)\dﬂ(y))

1 1
EJ‘B| f | - E(Iye&f(y)w{m‘ f (y)‘d’u(y)+J‘yeB,‘f(y)‘£a/2
1 a
SEIBMHE

sl\7|f1(x)+%.
This gives
Mf (X)SMfl(X)+%:>{XEXI Mf (x)>afc{xeX: Mf(x)>al2}.
Next, we have

f eLp:{‘SUpp(fl)‘<oo = fiel,.

L f | 1
f e Lp, 1<p emma from lesson

This means we may apply the first part of the theorem for f;
HXE X : Mf (X)>a}‘£‘{Xe X : Mfl(x)>a/2}‘

2C
S72.|.x|f1|

_%,
B a {x:\f(x)\>a/2}‘f (X)‘
Finally,

N[ = pf | Nif (x) > )] da
0

T o2
< 202 p.!).ap (.[{x:f(x)>a/2}| f |jda
2/f(x)|

=2c, pjx[ I apzdaJ‘f (X)‘d,u(x)

0
c,p2° 1
e MO L COCVICY
L

Hardy Spaces (Stein, Chapter 3)
Remark The Hardy spaces H" (R“) are equivalent to the L (R“) spaces for 1< p <. They are different

from L, for 0< p <1. For many applications and from harmonic analysis perspective, they are the more
appropriate choice for the range 0 < p<1.



Fix pe§, J'Rn ¢ =1. We define ¢, (x):=t"p(t'x). Easy to see that J'Rn o =1
Definition For f €S, we define the radial maximal function M f (x):=sup|f *¢,(x)|.
t>0

We are interested to investigate properties of such maximal functions. Why? Let’s go back to the solution of the
heat equation u(x,t) = p,* f (x), where f is the initial condition at t =0.

Theorem Let ¢ is non-negative, radial (¢(x)=¢(]x(),#: R, —C), and radially decreasing, with IRH p=1.

Then, for any f e L™

M f (x)<Mf (x), VxeR".
Corollary If the initial condition f to the heat equationisin L , 1< p <oo, then the solution stays in L atall
times. Indeed, using the above theorem together with the maximal theorem for the normalized Gaussian

. 1 /4
X)= e ’
¢( ) 47Z_)n/2

~

yields

Ju-0], <

stug)‘u(-,t)‘H ~|m, 1], <[mt], <c]f],.
> p

Proof of the theorem
It is sufficient to prove ‘ f *¢(x)‘ < Mf (x), forany ¢, non-negative, radial, radially decreasing with IRn $=1,

because we can then apply with ¢ =g, for any t >0. Assume first ¢(x Za 1, (x), a,>0, B;=B(0,r)).
We estimate
‘f *1y (x)‘ SIRn‘f (y)‘lBj (x—y)dy
= f d
J-B(x,rj) (y)‘ y

| S ——

<00

Bl e

f(y)|dy
_\Bj\Mf
Since J.Rngé:ZN:aj ‘Bj‘:l,
j=1
N
f *¢(x)|s;aj \ f*1, (x)\

N
st(x);aj‘Bj‘

= Mf (x)
Now, any ¢ satisfying the required properties can be approximated by such radial ‘step’ functions.

Theorem For l<p<ow, fel, &M fel,.



Definition For N €N, we define S, ={peS: C,(a,N)<1 |a|<N}. Thatis,
"p(x)|(1+[X))" <1, xeR",|o|<N.

Definition For p €S, J.R" @ =1, we define the non-tangential maximal function

M, f (x)=supsup|f *got(x—y)‘:stug)supt‘f *o(2)].

t>0 |y|<t
It is easy to see that M_ f (x)<M_f(x).
Definition We define the grand radial maximal function

My, f (x)=supsup|f *¢,(x)[.

@eSy t>0
It is easy to see that M_ f (x)<C(@,N)My f (x), because
C(gZN)ESN’ where C((P'N)i=m§§<%(“"\')-

Definition Let 0< p<1. The Hardy space H " (]R”) is defined as the set of tempered distributions f €S’
such that with N>n/p, | f,,, =|M; pr <o,

Example f e H(R)

1 0<x<1/2
f(x)=1-1 1/2<x<1
0 else

The Hardy spaces are quasi-Banach spaces. Observe that ||||Hp , satisfies the quasi-triangle inequality
My (f+9)(x)= suspstug)‘( f+g)*g ()
@eSy t>
<supsup(|f *¢, (x) +|g % (x)])
peSy >0
< supsup| f *g, (x)|+supsup|g* @ ()
peSy >0 @eSy >0
<My f(X)+Myg(x).
So,
M5 (f +g)HE <M, +|v|;,gHZ
<[]+ Mgl
Theorem Let 0< p<1.Thenforany f €S’',and ¢S, jRngozl, and sufficiently large N >n/p
Mt ~[mg e, ~[Mm, £,

We shall prove parts of the theorem, using a series of results.

Lemma Let S, then ge S, with C;(a,N)<C > C,(B,n+1).Also ¢" €S.

|B<|al+N



Sketch of proof Let’s demonstrate with the univariate case. Let’s estimate the decay of ¢f .For weR, |W| <1
‘ ‘ “¢5 (x)|dx = “¢ )| (2+1x)"( 1+|x|)_2 dx<CC,(0,2).

For weR, |w|>1

n T —iWX Ay e_iWX ) iw ’ —iwx _i NA
¢(W)_:L¢(x)e dx = ¢(x) | + iW_'[o¢ (x)e ™ dx = iw(¢) (w).
After r times, )
[B(w) <ot [l (x)fax=[wi ™ [ g (0](2+[x)* (1+x]) “dx<CC, (r,2)w]"-
And so, - -

C;(0.r)<C(C,(0,2)+C,(r,2)).

Now, the derivative of ¢

o0

b= T o - ] (gl e

For weR, |w|<1

< [ o=l wepy o) o

gc¢(o,3)T(1+|x|)‘2 dx =CC,(0,3).
For weR, |w|>1 h
d » T : —iwx
d—W¢(w):_|;(—|x¢(x))e dx

—iwx |*

= (~ix9(x))*

—iw |

+$z(—ix¢(x))' e " dx

=0

_ %[]';¢(x)eiwde+ z x¢'(X)e‘W*dx]

Thus,

o) [ >\dxj

[BOO[(L+ )" (L)

#(w)

2=

IA
==
/ﬁ\

é'—.éﬁ 8'—.8

) (@+)' S

I
==
VR

o

IA
—_
O

-

(0,2)+C, (1,3)).

=

The next theorem allows to pass from one Schwartz function to another.
Theorem Let ¢,¢ € S, with _[Rn @ =1. Then there exists a sequence {nk}:;o , 1, €S, such that



9= an O,
k=0

where 7, are ‘rapidly decreasing’ with k , in the following sense: forany M >0, e €Z",and N >0,
C, (a,N)<C(M,q, N,p,¢)27".

Proof Recall the frequency-side smooth windows. We defined y € S, and then v, (w) = l/}( ) keZ,
supp (v, ) = {WE R": 2F <|w|< 2k+1} ,with >y, =1. One can modify by selecting 7,

k=—00
supp(y, ) = {W eR": 0<|w|< 2} ,and then > "y, =1. Therefore, we have

k=0

= Z'ﬁké .
k=0

Under the assumption that -[(0 =$(0)=1, and from the continuity of ¢, we may assume for a moment that

D (w)‘ >1/2, for |w|< 2. This allows to write (under the assumption 0/0=0)

()= 3.2 o2 )= S (62 w).

[N —
7

For each k>1,
wesupp(y, ) =2 <w <2 =21 <2 |wj<2=

@(zkw)\ >1/2.
So, one can see that 75, € S = 7, € S . Observe that
(q)Z?k )’\ (W) _ 2knJ"{n (0( ) e " dx = J' iwszydy _ @(ZikW) .
y=2 kx

This gives
¢ = an *¢2*k .
k=0

We now show that {7, } are ‘rapidly decreasing’ with k. It is sufficient to show this for {7, }.
Let’s look at the frequency side

A

SUpp(ﬁk ) = Supp[é(l/zlkk ) é} = {W eR": 2" < |W| < 2k+l} )

By the previous lemma ¢3 e S, with Schwartz constants that depend on the constants of ¢. So, forany L >0,
w e supp (7, )

|/\

e (W)

2/ (w)

= 2| (w)|(2+ )" (2l

2C, (0,M + L) (1+[w]) " (1+24) "
<C(

(M+L)

IA

g M +L)(L+]w]) 27,
So
C, (0,L)<C(g,M+L)27™"



In similar manner, for the derivatives.

We now deal with the assumption that

(ﬁ(w)‘ >1/2, for |w|<2. By continuity of ¢, there exists k, >0, such

that

p(2* w)‘ >1/2, for |w]<2. Apply the proofto @ := (¢3(2‘k0 ))v = 2" (2 )

29 ¢(25x) =D (x) = iﬁk *0,. (X)=

k=0 ———
Tk+kg
$(x)= 2 >0, (x)=
kky
$(x)=> m*0,.(X), m=0, 0<k<k,
pury

Definition We define for peSand NeN

-N
T f(x) =supsup‘ f*g (x— y)‘(1+|tl|j .

t>0 yeR"

Observe that
M, f(x)= supsup‘ f*g (x- y)‘

t>0 |yl<t

-N N
=supsup|f *¢, (x— y)‘(1+|tl|j (1+ Mj

t>0 |yl<t t
< 2N * |y| "
< 2" supsup| f *¢, (x- )| 1+T

t>0 ye]Rn

:2NT¢N f(x)

The next lemma is the inverse of the above
Lemma lf M_f e Lp(]R"), and N >n/p, then

T ¢, <c(N.p.o)|m, 7]

Theorem Let p € S, with JRn @ =1. Then, for sufficiently large N >n/p

Myt <clm, 7],
Proof Let ¢ €S, . Then, by a previous theorem, there exists a sequence {7, } with ‘fast decreasing properties
with k * such that

¢ = ink *¢2—k .
k=0
This gives
M, f (x)=sup|f *¢ (x)| SStE(E)kZ_;‘ t*(n*p,. )t (x)‘

t>0



Observe that (assignment)

(%0, ). (2)= (), * 0,0, (2).

This allows to estimate

() <sup D) (), >0, (x)

t>0 k—o

<supd’[ [0, (x=y)jin) (v)]ay

t>0 k=0

s [ |1 %0, (x y)\[“zlﬂtj [1+%jh“(nk)t(y)‘dy

t>0 k=o
<T (x)
T s3] 1+ 'J ), ()]
Forany t>0
12 o oy = (12 o
= IRH(1+2k|z|) I, (2)|dz
z=tly
<C2"C, (0,N+n+1)
< C2kN2—k(N+l)
M=N+1
<c2*
We get

Finally, using the previous lemma
Mt =sup|m, ], <c | e <clm, 7],

where for sufficiently large N, the constant does not depend on the choice of ¢ (sufficiently high order
Schwarz constants are normalized).

Theorem Let ¢ € S, with J'Rn @=1.Then,
M, ] <c[m,f] . fes.
Proof We will prove the theorem under the assumption that M, f Hp <oo. There are quite a few technicalities
that are required to remove this assumption (see e.g. Stein). For 4 >0, let
Q, ::{XER” M f(X)<aM f (x)} :

Take AP >2c”, where ¢ >0 is from the previous theorem (HM,; f Hp < CHMq) f Hp) . Then,



.[Qi(wa)p sﬂjﬁi(m f)
S/ﬁLipJ‘R”(M;\"f)p
1

<cPAP[ (M, f) SEI,Rn(wa ).

R"

This gives (under the assumption!)
J-R"(Mfﬂf)p =J.Ql(M(/’f )p + QE(M‘Pf )p

1
S.[QA(wa)p +EJ\\;“(M¢f)p =

jﬁn(Mq,f)"sszl(wa)p

Assume that forany q>0 and xeQ,

q 1/q
M, ()<e MM ()] . )
Then, we can take 0 < g < p and apply the maximal function theorem for r:=p/q>1
p p
J.Rn(Mq,f (x)) dx<2 QA(M(/)f (x)) dx
<c[. M(M@f)q(x)} dx

<C|

R"

SCI _(M(;)f )q(x)T/q dx

R"

=C_[RH(M¢;f(x))pdx.

It remains to prove (*). Let F*(y,t):=f *¢ (y). Forany xeR", there exist yeR", t >0, [x—y|<t, such
that
‘F"(y,t)‘ksup sup | f*g, (y)|/2=M,(x)/2.

t>0 |x-yl<t

For sufficiently small r >0 (to be chosen later), and x"e B(y,rt),
‘F°(x’,t)—F°(y,t)‘Srt sup ‘VF"(z,t)‘.
zeB(y,rt)

Observe that
0 0 _ op .
—F (z,t)=f x— =t x| == , 1<i<n.
ZF - teZa@-rre 2] @), 1sisn
For the set of functions
f::{Z—Zq)('+h): 1<i<n, |h|s1+r},

the Schwartz constants of order < N are uniformly bounded by a constant depending on ¢ and r. Since for
zeB(y,r), t’l|x—z|St’l(|x—y|+|y—z|)§1+r



<supsup|f *y, (x)|

yeF t>0

2 en)) (9

t

<cMy f(X).
Thus, for xe Q,
‘F°(x’,t)—F°(y,t)‘£ch§, f(x)
<cArM, f (x)

@

Now choose r sufficiently small such that cAr <1/4. Therefore

)/2

F(x
M, f(x)/4

‘F yt‘ ,
y.t) <

‘F°(x,t)— :>‘F°(X’,t)‘ZM”’Z(X), X' eB(y,rt).

Therefore since B(y,rt)c B( (1+1)t)

q !
(Mf ‘Byrt‘jyn‘ ‘
B(xt(1+1)) 1 o
SC ‘B(y’rt)‘ ‘B(X,t(l+ r))‘ -[B(x,t(1+r)) F (X,t)‘ dX
(1+r)"

Atomic Hardy Spaces

Definition A function a:R" — C, is an atom for 0< p<1, if
(i) supp(a) < B, for some ball B,

(i) [al, <[B[™"
(iii) Ix a(x)dx=0, VaeZ, |a|<n(p™-1). (vanishing moments property)

Notice that

Up _
lall, =([,Jal") " <lal. IBf" <[8] **[B'" =1.

Theorem For any atom a, we have that |a,,, <

Back to the example 1, ()& H'(R)... however f € H'(R)



1 0<x<1/2
f(x)=1-1 1/2<x<1
0 else

Background on multivariate Taylor polynomials

The multivariate Taylor polynomial is given by
0“g(X a
Tr—l,ig (y) = Z #(y - X) € 1_Ir—l )
The estimate of Taylor remainder
9(Y)-T,1:9(y)|=

Rrxg(y)|SC|y—7r

ax 0“g(z)| -

max
2<B(x}y-%)) Jal-

Proof Assume a is an atom supported on B=B(X,r). Let p €S, I(p # 0, with supp(¢)=B(0,1). Since
[m ;,a”p < c||M;a||p , it is sufficient to bound M ”a|| . The first estimate is that

laxg () <[ Ja(y)]on (x=y)ey <[l [B] ", wxeR".

We use it ‘near’ the ball on B, := B(X,2r)
2r)

!

=C .

J, (M:a) <clg ' [p,|=c 2L
We now estimate ‘away’ from the ball. Let x ¢ B,. Observe that for t>0, the support of ¢, is B(0,t). If
[x—X|>r+t, then supp(e(x—))NB=2, and

axp ()= a(y)e (x=y)y=[ a(y)e (x-y)y=0.

Otherwise, we assume |x—¥| <r+t, and use the vanishing moments of a
axg (x)=[_a(y)a (x-y)y=[ a(y)(a(x-y)-a. (y))dy,
Ot (y) =Tyx ((Pt (X_'))(Y) , d= Ln( pt —l)J.

By the estimate of the Taylor remainder

where

d+1

|¢t(x_y)_qxt( )| C|y X|

\(x\ d+1

So,

x=X|z2r= |[x—X|<t+r<t+|x—-%|/2 =




We get

—|d+1
o (x-y)-a () sc L
[x-X
and
M;a(x)=ﬁgf‘a*¢t(x)‘
sstgij\a(y)Hﬂ(X—y)—qx,t(y)\dy
—d+1
<cl[*"| =Xy
B|X—K|n+ +
n+d+1
SC|B|-1/p[ r_] .
X=X
Note
d :=Ln( p’l—l)J >n(p*-1)-1=
d+1> n(p’l—l):>
p(n+d+1)> p(n+n(p‘1—l))> n
We obtain
LH\BZ Méa(x)‘p dx<C|[B["r p(”+"+1)J'€\H\B(Y]2r)|x —x| " gy

_ C|B|—l r p(n+d+1)J'

R"\B(0,2r)

< C|B|—1 rp(n+d+1) (Zr)n—p(n+d+1)
<Cr"r"=C.

| X|— p(n+d+1) dX

Definition The atomic Hardy space H” (R" ), is the set of all distributions f = a, ,suchthat {a ! are
a k k

k=1

atoms and i|/1k|p < 0. We set
k=1

[ ], =inf {(ZWV} . f :Zikak}.
=i P
Theorem H”(R")~H?(R")
Proof of easy direction Let f e H? (R"), then f = ilkak , with i|ﬂk|p < 2| f||", . As we have seen, the
P k=1 ’

maximal functions are sublinear. Therefore, by the previous theorem
M < Soha e, <cEJaf <l

The inverse direction is more difficult since it requires the construction of a near-optimal atomic decomposition
of f.

n]



Modulus of smoothness

Def The difference operator A} . For heR" we define A, (f,x)=f (x+h)—f (x). For general r >1 we
define
AL(f,x):Aho...Ah(f,x)=i£Lj(—1)rk f (x+kh).

N k=0
r

Remarks
1. For QcR", we modify to A (f,x)=A (f,x,Q), where A](f,x)=0, inthe case[x,x+rh]z Q. So

for Q=[a,b], A;(f,x)=0 on [b—rh,b], for any function.

2. Asan operator on L, (€), 1< p<co, we have that A;

s 2" . Assume Q=R", then

S i, - (jnfn -2,

Def The modulus of smoothness of order r of a function f e L (Q) 0< p <, at the parameter t >0
o (f,t) =sup|A;(f, x)

|hj<t

—L

A ()],

For r =1 the modulus of smoothness is called the modulus of continuity.

. _ 0 x<0
Example non continuous function. Let Q:[—l,l]- f (X) ={
1 0<x
Let’s compute o, ( f ,t)L (-11)"
-1<x<-h
Ay (F,%)= 1 —h<x<0
0<x<1
For p =00 we get a)l(f,t)Lw([ 1) —S‘hl‘lp”A f” L, ([-11)) =1
For p =0 we get a)l( f ’t)L (-11]) SUp”A f” —tl”’_
P lhi<t
0 -1<x<-2h
1 —2h<x<-h
2 _ —
AL (Fx)=A, (A f,x)= 1 ~h<x<0
0 0<x<1

Weget o, (f.t) = (2t)""
In general, we get o, (f,t), ) = C(r,p)t*?

Quick jump into the “future” (Generalized Lipschitz / Besov smoothness)... for a <1/7, r=| & |+1,

| f

=supt o, (f,t) <supt“e, (f,t) <csupt’" " <o,

B4, °
7o t>0 0«2 0<t<2



We then say that f has o (weak-type) smoothness. Observe that in this example o can be arbitrarily large as
long as the integration takes place with 7 sufficiently small.

Properties

Lo (f.1), <2f] ., 1sps<e.

2. o, (f.t) isnon-decreasing in t
3. For 1< p <oo the sub-linearity property

A;(f+g,x)‘s

AL (F.%)[+[Ar (.x)).

o (f+0.t) Scor(f,t)p +.(9.t),.

gives

4. For N >1, a)r(f,Nt)p <N'e,(f, t) 1< p <. We prove this using the property (assignment)

N- N-1
Af, (F,%) =Z D AL (Fox+kh++k ).
k=0 k=0

Let’s see the case r =1,
Ay (f,x)=f(x+Nh)—f(x)
= f (x+Nh)—f (x+(N-1)h)+ f (x+(N-1)h) =+ f (x+h) - (x)

N =

=3 A, (f,x+kh)

k=0

LN

Then, forany heR", |h|<t

A ()] <3 S Ar (. kh k)|
P g0 ko P
N-1 N-1

AL(F)] <N (1),

z
1l
o
x~

=0

Taking supremum over all heR", |h|<t, gives o, ( f, Nt)p <N'e, (f,t) . Itiseasy to see that for 0< p <1,
the same proof yields o, ( f, Nt)p <N, (f ,t)p.

5. From (4) we get for 1< p<oo,
o (f.2), <(2+1) @ (f.1),,  4>0

proof o, (f,4t), <@, (f,|2+1]t) <([A+1]) @ (f.), <(2+1) @ (f.1),.
Theorem [connection between Sobolev and modulus] For g eW; (Q) 1< p <o, we have that

a)r(g’t)Lp(Q) SC(r,n) '

Vt>0.




Proof for Q=R . Recall the B-Splines, N, =1 g N general, N, =N, *N, :J'Rn N, (x—t)N,(t)dt.

[0,

0.2}

N, N, N,
e Properties:
o Orderr
o Support [0,r]’
o Piecewise polynomial of degree r —1 with breakpoints (knots) at the integers
o Smoothness r—2, thus in Sobolev Wpr‘l.

o Tensor-product in multivariate case N, (x):=N, (x)x---xN,(x,) , where N_ is the univariate B-
spline.
IRn N, (x)dx =1

O

Here, we use the fact that for he R", A", (f,x)|=
O<h<t.Define N, (x,h):=h"'N,(h"x), h>0.Let geC'(R). Then

A (f,x— rh)‘. So, w.l.g., for any t >0, we can work with

hA,(9.x)=h?(g(x+h)-g(x))

=h"' _[ g'(u)du

=.[Rg'(x+u)Nl(u,h)du
We claim that for g eC"(RR)
h‘rAL(g,x)zIRg(r)(x+u)Nr(u,h)du
To see that we apply induction



) (0) =1 (5 k)-8 0.0)
= ([ g"? (x+h+u)N, (uh)du=[ g (x+u)N,, (u,h)du)

Xx+h o
:h‘lj J'g(')(v+u)N,_1(u,h)dudv

o x+h
- I N, (u,h) thf g(')(v+u)dvjdu
= J' N, (u,h) [J-g(r)(v+u)Nl(v—x,h)dv]du
VHU=X+Yy %

_ er_l(u,h) LTg“)(x+y)Nl(y—u,h)ddeu
- T 9" (x+Y) U er(u,h)Nl(y—u,h)dquy

Now, let’s see the proof for p=1. Let 0<h<t

J.

(@ 0)fox<h [ [ [ (x+u)
<h[ N, (u,h)duf
st“'[R g(r)(x)‘dx
<t [0y a)-

N, (u, h)|dudx

g(r)(x+u)‘dx

For general 1< p <o we need Minkowski’s inequality (assignment). It says that for measurable non-negative
functions ¢, p

{IA(IB(”(y)p(X’ y)d) dx}ﬂp <[o)(],p(xy) ) " dy

Or written differently

[,e(n)p(-y)dy]

Ly(A) Sjsq)(y)up(" y) dy

Ly(A)

Using it we have



N, (u,h)[du) "o

J.

AL(QI,X)\pdxsh‘“J'R('[R

v ([ o v, o]

< pr |
= h . p(R) de

<t”

g(')(x+u)‘

Nr(u,h)wg(r)

p

g(r)

Ly(R)

=t’”|9|v3,;(m)-

For a general function g eW; (R) we use the density of C"(R)NW, (R) in W, (R) (assignment)
Corollary Forany PeIl , (R), P(x)=) ax*,

h’rAL(P,x):j}R P (x+u)N, (u,h)du=0= A} (P,x)=0= o (P,t) =0

Marchaud inequalities

We know that forany 1<k <r, 1< p<w,

o (f,t) =sup

<t

A;(f)Hp =sup

<t

AAL(f )Hp <2 sup

hj<t

A ()

=2"o, (f ,t)p )

p

The direct inverse cannot be true. If we take Q =[a,b] and a polynomial P€IT, , , then o, (P,t) =0, butwe

don’t necessarily have @, (P,t)p =0 for 0<k<r.

Theorem. Forany 1<k <r, 1< p<w,

k Ooa)r(f’s)p
On Q=R, ”dfi%SCtL'_gﬁr—d& t>0.
—a %y f’S f _
On Q:[a’b], a)k(f,t) SCtk J‘b @ (kJrl )p dS+ || ||pk ’ 0<t£b a.
i t s (b-a) r

Proof of the case Q=R". We prove first for r =k +1 and then apply induction. Using induction on k , we get
that

1-27%(x+1)
Qk(X)::—X(—l ) ell, ;.
This is by
l—2"‘(x+1)k 1_X+1+X+1_2_k(x+1)k X+1
Q=T TG =20+ ()



This gives

Q (¥)(x-1)=1-2" (x+1)" = Q (x)(x—1)" = (x-1) =27 (x*

= (x-1) =2%(x2 -1)' +Q, (x)(x-1)"

With T, (f,x):= f (x+h) we have
(T, = 1) =27%(T,, = 1) +Q (T, (T, — 1)

Itis evident that |Q, (T, )|, <M (k). Therefore, with || <t

|ase], <2 s, ], +mfare],
<2 ( “[lak, pr+M‘A‘gglf‘p)+M‘AE“f‘p
<...
gMiz Mlagae] 2 a1,

<MY 2 o, (1.2t) +2 V)¢

Soifwelet m—

_
O

Using induction

<o (f,s
o (f.1) <ctIMds

<ct J.OO s ds ro%u

S

<ct J. w”llff ), duJ' s ds

<ct'| w”llff s F—t™)du

=ct L w”llff ) P du—ct’ jdeu
<ctI a)mlff ) P du.

_1)k



The K-functional

Definition For two Banach spaces X, c X, , the corresponding K-functional

X1

K(f.t, Xy X,)= firf!tfl” foll, +t/f,

K(f.LL, (Q)QW; (@)= inf [f-gf g +t[gl,q 1<p<eo.

P gews (@)

Theorem [Equivalence of K-functional and modulus] For ‘nice domains’ Q c R", 1< p<co, r>1, there
exist C,,C, >0, such that for any t >0

CK,(f ,t')p <o, (1), <CK, (f ,t')p.
It is easy to show that C, depends only on r, but the constant C, further depends on the geometry of Q.
Proof of the easy direction Let f €L (Q) and let g eW, (). Then

a)r(f,t)p <o,(f —g,t)p +o, (g,t)p
<2 ”f B g”Lp(Q) +C(r)t' |g|wg(g)

<C()(I1 0l oy +' [0l )

Taking infimum over all possible g eW_ (Q2) we obtain the right-hand side.

Applications of K-functionals

The K-functional appears in many applications such as denoising. It provides a balance between approximation
and smoothness.

1. Regularized Least Squares

min |t -gff +t|o®] .

g:zak Nr (_k)

2. Denoising with Total Variation minimization over a bounded domain Q < R"
min |[f —g| +t
min [ ~gl, +t]a].,

Lip spaces

Def For a domain Qc R" and 0 <« <1, we shall say that f Lip(a): Lip(a,oo), if there exists M >0,
such that ‘f (x)— f (y)‘s M |x—y|", forall x,y e Q. We shall denote |f|up(a) by the infimum over all M

satisfying the condition. Observe that we can replace the condition by



A, (f.X)|<M|h", vheR" =
o (f.1) <Mt vt>0=

o (f,t) <M, Vt>0.
For 1< p<oo, we define

|f|“p(a’p) =supt oy (f.t) .

t>0

Example For f(x)=x"*, 0<a <1, f elip(a), feLip(B8).S>a .
Proof

Assume f eLip(fS), B>a.Thenfor 0<x<1, -

X“—0"=x"<M (x—O)ﬁ = Mx” = x*# <M = contradiction
(i)  We use the inequality (a+b)” <a“+b” . Assumew.l.g x>y ,weset a=y,b=x—y and obtain
X<y +(x—y) = x -y <(x=y)", [f| =1

Lip(er

However, forany 0<a <1, f(x)=x“eLip(11), because

|

fr(x)dx=1= f'el, = f eW([0,1])

= (1), <t|f[, =t vt>0

= || ):stlig)t‘la)l(f,t)lzl.

Lip(L.L
Generalized Lip are a special case of Besov spaces. Forany a >0, let r:= LaJ +1,
||y =supt“a, (f,t) .

t>0

a
By

Approximation using uniform piecewise constants (numerical integration)

The B-Spline of order one (degree zero, smoothness -1) N, (x)= Loy (x).

Let Q=R or Q=[a,b]. We approximate from the space

S(N,)" = {éck N, (h7x— k)} = {kzz: S o] (x)} .

Theorem For f eW (R), 1< p<oo,
E(f, S(Nl)h)Lp(i) = dnt 1=l =l Flyc

Proof First assume f € C*'(R)NW; (R). Let’s take the interval [ kh,(k+1)h]. Then, for p=co
| (x)— f(kh)|= ij;f'(u)du fr(u)).

So select ¢, == f (kh) and you get the theorem for p =co. For 1< p <o we do something similar

<h max
kh<u<(k+1)h




(k+1)h P
£ (x)- f (kh)[" s( f'(u)\duJ , x e[ kh,(k+1)h].

kh

Then
(k+D)h (k+1)h P
j £ (x)- f (kh)\"dxsh[ f'(u)\du]
kh
p 1
, P 1+==1+ p[l——j
Hoﬁerh( f ([kh (k+1)h]) ||1||Lp,([kh,(k+1)h])) Y p
=1+p-1=
([kh (k+1)h]) P P
_hp”f ” o([kn.(k+1)h]) *
Therefore, with g(x):= " f (kh)N, (h"x—k), we get

k
k+1 h

[t =gl =[] (-0 () dx= 2 f [F ()= (kn)f SEDIL L Wl

Now assume f eW_(RR), 1< p <oo. There exist sequences { f,}, f, eC'(R)NW,(R), {g,}. 9, eS(Nl)h,
such that | f — f,

p
b

fI

i 2,0 A =0l s) <

Wi(R) This gives

If=aull, <l = A, +1f - g,
<|t = t], +hlt),, > 0+hlf],

Linear approximation of Lip functions

Theorem: Let f e Lip(a). Approximation with piecewise constants gives

B (o = 00l =0 <ON T

Proof [Classic technique] Recall that for g e C*[0,1], we constructed ¢, e S(N,)"", such that
Ev(9), <[a-4,]. <N7[g|,, . Therefore,

[t =], <17 ~ol. +|o 4],
<[f-gl. +N"]gl,.

For a sequence {g, }, with K,(f,N*) =lim|f—g,| +N*|g,| ., weget

k—o0

Hf _¢9k o

<|f-af, +N*g.],. = K (f,N‘l)w.

10 k00

Using the equivalence of the modulus of smoothness and K-functional,



Ey(f), <K /(f,N7)
<Caoy(f,N7")
<CN™“|f|

Lip(a)

Inverse Theorem: Assume E, (f) <MN™, N>1.Then, f eLip(«).
Intuition 0<y<x<1.Let x=y+h, (N +1)_l <h< N7 If x,ye[kN’l,(k+1)N’1], then with the

approximation constant approximation ¢, in that interval,

£ ()= (y)[<[f () -c+[f (y)-c
<2MN™
<2M|x-y[*
However, since they might not fall in the same interval, there is a mixing argument.
So linear approximation is kind of limited when « is small. The problem is that we’re not spending enough
‘budget’ in the vicinity of zero.

Besov Spaces

Continuous definition

Let >0, 0<q, p<oo. Let r>| & |+1. The Besov space B (L, (<)) is the collection of functions
f e, (Q) for which

St (ft qﬂﬂq, 0<q<oo,
(e (.0, ] 3

supt “a, (1), q = oo

t>0

|f

B (Lp(2) °

is finite. The norm is
|

)+|f

By (Lp (%) = ” f ”LP(Q

By (Lp() °

Theorem The space By (Lp (Q)) does not depend on the choice of r > LaJ+1 (application of the Marchaud
inequality).

Proof For Q=R", 1<q<ow.Letr,>r, 2|_aJ+1. We already know that for 1< p<ow,andany t >0,
o, (f ,t)p <2¥ig (f ,t)p (for 0 < p <1 with a different constant), so

[too, (10, ] Lcf [reo, (10, 'L

The other direction requires the Marchaud inequality



q
. adt | .= @ (F8), [t
I0|: (ft):| i CO|:t L Tds T
Denote 6:=r,—a >0, and ¢(s):=s"ao, (f ,s)p . Then, we can apply the Hardy inequality [DL Theorem 2.3.1]
for 1< q <, to the right-hand side

e @a(£8), Tt ol ,re(s) Tt
[ e e ]

1 ¢or., q dt
< — | |telt)| —
Hardy eq 0 I: ¢( ) t
1 a dt

:(E—a)q Jj[tﬁ tho, (1Y) } t
o g a dt
[ [t (1.1),] -

Why are we asking for the condition r >| & |+1? Otherwise the space is ‘trivial’
Theorem (univariate case) For r <a, 1< p<oo, we get that B (L, (Q))=1I1,, if Q=[a,b] and
By (L, (Q))={0} if Q=R
Proof (sketch, see Proposition 2.7.1in CA) If f e B (L,(Q)), then t “a, ( f 1), <C, for 0<t<t, <1.This
implies that
o, (f.1), =t""t 0, (f,1) <Ct“" >0.
The condition t"rco,(f,t)pt—%O, in turn gives that if f eC",then f") =0 andso f eIl _,.If f ¢C", we use

density again.
Theorem For a bounded domain we can equivalently integrate the semi-norm on [0,1]. That is,

3 U[ o, (1) TotltJ , 0<q<oo,

supt’”‘a)r(f,t)p, q = oo.

0<t<1

B (Lp(2)

Proof If Q is bounded, then we have a, ( f,t) =const for t>diam(€). Therefore for 1/2 <t <oo,

o, (1.1/2), <o, (f.1), <o, (f,diam(Q)) =w(f2d'aTm(Q)] <(1+2diam(Q)) o, (f,1/2) .

This gives

o

(oo, (1.1), [ S<c(a(t1/2),) Tt‘q“‘ldt

t
Cw (.272),)

1

<C(aa0) [[ta (f0),] T

12

=38

IN



Lemma For any domain taking the integral over [0,1] gives a quasi-norm equivalent to | f|_,
q

Proof We replace the integral over [1, oo] by
[[too(f.0), ] Olt<c:||f|| jt w gt
1

C(aa)]f;-

oI [[rrat0, 4]

Therefore

fle

Theorem B (L, )< B (L, ) if @, <.

Proof (d, =0d,) We may use r, =| o, |[+1>] @, |+1=r, to equivalently define B (Lp)

For 0<t<1, t™2 <t™*. So,
r. ., q dt v
i <11+ [ (10,] 5§

sc[||f||p+(j:[ oo, (1,1), ] Tj j

<Ol

Theorem W," < B (L, ), Va<m, 1< p<oo, 0<q<o.

(La(©)

Proof Let g eW,"(Q). This implies g e L, (©2). We have that r:=| & |+1<m. Itis sufficient to take the

integral over [0,1].

O ey

cralon, ] el '
<Clg|' j t ) gt
0

<Clg[f,

Discretization of the Besov semi-norm

Theorem One has the following equivalent form of the Besov semi-norm

[i [ZK“wr(f,Z‘k)pmﬂq, 0<q<.

k=—00

|f|B::(Lp<o>) -
sup2k"‘a)r(f,2"‘)p, q=oo.

keZ



Proof Define p(t):=t“w, (f,t) . Then we claim that for t [2‘“,2"‘], k € Z, we have

2 p(2%)<p(t)<29p(27").
To see that, we use the following properties:

(i) car(f,t)p is non-decreasing

(ii)For NeN, 1< p<oo, a)r(f,Nt)pSNra)r(f,t)p

The left-hand side
-r -k'\ _ oka-r —k _ nka-r -k-1
27 p(2%)=2"o, (.2 )p_z o, (1,22 )p
<22 o, (1.277) <2 (1.1), <t7o (1),
(i) 0
The right-hand side
-a -a - (k+1)x _ a _
t a)r(f,t)pit a),(f,zk)psz ' a),(f,zk)psz o(27%)
This givesus for 0<q<x, keZ

Z—k

dt e G dt ) 2 Tdt [ R
[ oty T -0l k)qw?(p(z k)quj“(t o, (1.1),) T{zk o, (1,2 M .

ok

Discretization over cubes

Definition [Dyadic cubes] Let D:={D, :k e Z}
D, :={Q=2""[m,m, +1]x---x[m,,m +1] :meZ"}.
Observe that Qe D, =|Q|=27"".

For nonlinear/adaptive/sparse approximation in L (Q), Q< R", it is useful to use the special cases of Besov
spaces

Theorem Q=TR". We have the equivalence

o =(Za(r2) ) | [ Zler o0

keZ QeD

Uz

o (1.Q), = sup[lA; (f Qo

For Q=[0,1]", with I(Q) denoting the level of the cube Q, we may take the sum over k >0

-{gteeiien] ] g gl

k=0 QeD,1(Q)=20

The following theorem generalizes what we showed for the univariate case



Theorem Let f(x)=1,(x), Q<[0,1]", a domain with smooth boundary. Then f e B*, a<1/7.

T !

Proof For any Q, we have that o, (f,Q) =0, if 8QNQ =4 . Otherwise, if 1(Q)=Kk,

, ( f ,Q)r < (Ier )1/’ _ |Q Ur _ okl
Therefore,
fle <€ 2 (™ o (1.Q),)
1(Q)=0
sci(Z"“Z’k"”)r#{Q:I(Q)=k, Qnafz;t@}
=Ci2k(‘”’”)#{Q:I(Q)=k, Qnafz;t@}
We argue that 7

#{Q:I(Q)=k, Qﬂaﬁ;t@}gc(f))gk(n—l). *)
This implies that if o <1/7

|f

T < Ci 2k(ar—n)2k(n—1) — Cizk(ar—l) < o0,
k=0 k=0

B T

Let’s get back to the estimate (*). Let use show a picture argument for Q c [0,1]2. There is a finite number of
points where the gradient of the boundary of the domain is aligned with one of the main axes. Between these
points, the boundary segments are monotone in x, and x,, and therefore can only intersect at most 2x 2"
dyadic cubes.

Interpolation spaces

For 0<0<1, 0<q<w, X,Y(r),
K(f,t)=K(X.Y, f,t)::igrg{”f gl +t|g|, }-

U:[”K (f.9)]° %)ﬂq . 0<q<o,

supt K (f,t), q=oco.

O<t<1

[l =1+, 0

ey, =Iflog =



It is convenient to discretize at t,, = (2r )7m =2", mx>0,

B (i[zmmK(f'z_mr)Tjﬂq , 0<g<w,

m=0

]
sup2™’K (f,27™), q = oo.

m>0

Def We call the space of functions for which ||f ||e’q is finite the interpolation space (X.,Y), .

Observe that by definition ( X ,Y)qu c X, while for 0< @ <1, we have that Y c(X,Y)qu . To see this, let
geY.Then,
Z[Zmra K (g, o-mr ):|q < Z|:2mr92—mr |g|Y ]q

m=0 m=0

o0

_ |g|q Z 2mrq(9—l)
Y

m=0

<C(r,q,0)|gl; .
Also, for 6, <4, (X,Y)QPq <;(X,Y)92’q . So, for 0<@ <1, we have a ‘scale’ of spaces between Y and X .
Theorem (L, W;) =By(L,), a=6r, 0<f<1,1<p<oo.

Proof Observe first that f e(L,,W; )gq = f eL,. Now, for 0<q <o, it is sufficient to bound the Besov

semi-norm integral over [0,1]

Bkl § =Lk,

q
~[ l[t—”‘"a}r (.0 )J dt S =t = ds =~/ dt = s 'ds = 2t "l
r r

Theorem [Reiteration theorem] If
B =B’ (L, (Q)),

then



